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Abstract. We explore the extent to which a variant of a celebrated formula due to Jost and Pais, 
which reduces the Fredholm perturbation determinant associated with the Schrodinger operator on 
a half-line to a simple Wronski determinant of appropriate distributional solutions of the underlying 
Schrodinger equation, generalizes to higher dimensions. In this multi-dimensional extension the 
half-line is replaced by an open set Q C K", n G N, n > 2, where Q has a compact, nonempty 
boundary dQ satisfying certain regularity conditions. Our variant involves ratios of perturbation 
determinants corresponding to Dirichlet and Neumann boundary conditions on dfi and invokes 
the corresponding Dirichlet- to-Neumann map. As a result, we succeed in reducing a certain ratio 
of modified Fredholm perturbation determinants associated with operators in n £ N, 

to modified Fredholm determinants associated with operators in {dfl; d"'~^ a), n > 2. 

Applications involving the Birman-Schwinger principle and eigenvalue counting functions are 
discussed. 



1. Introduction 

To illustmte the reason behind the title of this paper, we briefly recall a celebrated result of Jost 
and Pais I[4y], who proved in 1951 a spectacular reduction of the Fredholm determinant associated 
with the Birman-Schwinger kernel of a one-dimensional Schrodinger operator on a half-line, to 
a simple Wronski determinant of distributional solutions of the underlying Schrodinger equation. 
This Wronski determinant also equals the so-called Jost function of the corresponding half-line 
Schrodinger operator. In this paper we prove a|j(jjg^tain multi-dimensional variant of this result. 



To describe the result due to Jost and Pais I[4Y], we need a few preparations. Denoting by 
and H^_^_ the one-dimensional Dirichlet and Neumann Laplacians in L^((0, oo); da;), and assuming 

V e L\{0,oo);dx), (1.1) 

we introduce the perturbed Schrodinger operators and H'^ in L'^{{Q, oo); dx) by 

H^f = -f" + V.f, 

f e dom{H'^) ={ge L^{{0, oo); dx) \ g, g' e AC{[0,R]) for aU R>0, (1.2) 

5(0) = 0, i-g" + Vg) G ^^((0, oo); dx)}, 

f e dom{H^) = {g e L^{{Q,oo)-dx)\g,g' G AC{[Q,R]) for all i? > 0, (1.3) 

5'(0) = 0, (-9" + yg) GL2((0,oo);dx)}. 
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Thus, H!^ and are self-adjoint if and only if V is real-valued, but since the latter restriction 
plays no special role in our results, we will not assume real-valuedness of V throughout this paper. 
A fundamental system of solutions (ji^iz, •), 0!^{z, •), and the Jost solution f+{z, •) of 

-tp'^z.x) + V'ip{z,x) = z-ipiz^x), z e C\{0}, a; > 0, (1.4) 1 1.4 

are then introduced via the standard Volterra integral equations 

<f)^{z,x) = z-^/^sm{z^/^x)+ [ dx' z-^^^sm{z^^^{x-x'))V{x')(l)^{z,x'), (1.5) 

Jo 

e^{z, x) = cos{z^/^x) + r dx' z-^'^ sm{z^'^{x - x'))V{x')e'l{z, x'), (1.6) 

f+{z,x) = e""^'=- dx' z-^'^sm{z^'^{x-x'))V{x')f+{z,x'), (1.7) [T^ 

J X 

z e C\{0}, Im(^i/2) > 0, a; > 0. 

In addition, we introduce 

t( = exp(iarg(V'))|y|i/^ v = \V\^/'^ , so that V = uv, (1.8) 
and denote by /+ the identity operator in i^((0, oo); (i.x). Moreover, we denote by 

W{.f,g){x) = f{x)g'{x)- f'{x)g(x), x > 0, (1.9) 

the Wronskian of / and g, where /, <? G ^^^([0, oo)). We also use the standard convention to abbrevi- 
ate (with a slight abuse of notation) the operator of multiplication in i^((0, oo); dx) by an element 
/ G L\^^{(Q , oo)] dx) (and similarly in the higher-dimensional context later) by the same symbol / 
(rather than M/, etc.). For additional notational conventions we refer to the paragraph at the end 
of this introduction. 

Then, the following results hold: 

Theorem 1.1. Assume V G i^((0, oo); da;) and let z G C\[0,oo) with Im(^V2) > q. Then, 



and 



u{H^^^-zI+) \,u{H^^^- zl+) eBi{L'^{{0,oo);dx)) (1.10) 

det (/+ + u{H^^^ - zl+y^vj = 1 + z-^l"^ / dx sm.{z^l'^x)V(x)fj,{z,x) 

= W-(/+(0, •),</>? (-2, •)) = /+(^,0), (1.11) ^ 

det (/+ ^ u{H^^^ - zI+)'\] = 1 + / cos{z^^'^x)V{x)f+{z,x) 

_ W{U{z,-),0^{z,.)) _ f!,{z,0) „ 

Equation (li.'ii) is the mj^ern formulation of the classical result due to JosL^d Pais l^rf (cf. 

the detailed discussion in pSj). Performing calculations sinail^j to Section 4 in \[ii6] for the pair of 
operators HQ _^_ and , one obtains the analogous result ([1712). fer similar considerations iiAr^te 
context of finite interval p^rpblems, wp2 refer to Dreyfus and Dym p^f and Levit and Smilansky 

We emphasize that (li.'ii) and (li.'ii;) exhibit the remarkable fact that the Fredholm determinant 
associated with trace class operators in the infinite-dimensional space i^^((0, 00); da;) is reduced to 
a simple Wronsk^determinaiilj^gf *UeY|lW|'|Af%|j^butional solutiong^of .(^5). This fact goes back to 
Jost and Pais p7f (see also fFT^ |^ Sect. 12.1.2], pT^ pS7 Proposition 5.7], and the 
extensive literature cited in these references). The principal aim of this paper is to explore the 
extent to which this fact may generalize to higher dimensions n G N, n > 2. While a straightforward 
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generalization of (tfTT), (ttl^) appears to be difficult, we will next derive a formula for the ratio of 
such determinants which indeed permits a direct extension to higher dimensions. 

For this purpose we introduce the boundary trace operators 7_d (Dirichlet trace) and 7jv (Neumann 
trace) which, in the current one-dimensional half-line situation, are just the functional, 

_ /C([0,(^))-.C, . rCi([0,oo))-.C, 

^^•1 ^N- < , (1-13) 

In addition, we denote by to^_|_, m^, tt^o+j the Weyl-Titchmarsh m-functions corresponding 

to Hq_^_, H!^, Hq_^_, and , respectively, that is, 

(1.14) 
(1.15) 







'mo,+{z) = 


1 


iz-'/\ 




niz,o) 


m^{z) = 


1 


.f+{z,0) 


f+{z,oy 


m^{z) - 


/;(^.o) 



We briefly recall the spectral theoretic significance of in the special case where V is real-valued: 
It is a Herglotz function (i.e., it maps the open complex upper half-plane C+ analytically into itself) 
and the measure dp^ in its Herglotz representation is then the spectral measure of the operator 
and hence encodes all spectral information of Hf. Similarly, also encodes all spectral 
information of since — l/m^ = is also a Herglotz function and the measure dp^ in its 
Herglotz representation represents the spectral measure of the operator H^. In particular, dp^ 
(respectively,^^i^) uniquelv^^gtgggjine V a.e. on (0, ooljg the inverse spectral approach gf Gelfand 
and Levitan Ipsf or Simon l[»b], {6b] (see also Remling Iplf and Section 6 in the survey Ipffi)-^^ 
'JJien we obtain the following result for the ratio of the perturbation determinants in (li.ii) and 

(tnrz): 

Theorem 1.2. Assume V G L^{{0,oo);dx) and let z € C\a{H'^) with Im(2;V2) > o. Then, 

det (^1+ + u{H^^ - zl+y^v^ 

det (/+ + u{H^^+ -zl+y\'^ 

= 1 - (7iv(iff - zU)-^V[MHi',+ -zI+)-']*) (1.16) 
W{U{z),<l>^{z)) /;(z,0) m^{z) m^^^iz) 



izy^W{f+{z),<l)^{z)) iz^/^f+{z,0) mo^+(z) m^{z) ' ^^'^^^ 

1 1.16 

At jr^t, sight it may seem unusual to even attempt to derive (li.it)) in the one-dimensional context 
since (li.iY) already yields the redaction of a Fred|iQlm determinant to a Wronski determinant. 

However, we will see in Section i~(cf. Theorem lOJ that it is precisely (11716) that permits a natural 
extension tp ^mensions n G N, n > 2. Moreover, the latter is also j|istrumental in proving the 
analog of (li.ii) in terms of Dirichlet-to-Neumann maps (cf. Theorem h.'i). 

The proper multi-dimensional generalizations to Schrodinger operators in L'^{fl;d"'x), corre- 
sponding to an open set C R" with compact, nonempty boundary dfl, more precisely, the 
proper operator- valued generalization of the Weyl-Titchmarsh function m^{z) is then given by the 
Dirichlet-to-Neumann map, dpi^^ted by M^{z). This operator- valued map indeed plays a fundamen- 
tal ^ole in our extension of (li.iY) to the higher-dimensional case. In particular, under Hypothesis 
1 on ^l and V (which regulates smoothness properties of and L^-prope^'ties of V), we will prove 



the following multi-dimensional extension of (ll.lb) and (ll.'lV) in Section HT 
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Theorem 1.3. Assume Hypothesis ^.b and let k € N, k > p and z G C\(c7(iJQ ) U ai^H^oj U 
(T{Hi'^^)). Then, 



dot k (^In + u{Hl^^^ - zin) ^v^ 
det k (-fn + "(-^o^n - ^^n) ) 



= detk{l9a-7N{HE-zIn) W[jd{H^,u -zln)-']*)e'^^^''^^^^ (1.18) 
= detfe(M^(^)Mo^aW-')e*'-^^'=^^». (1.19) 

Here, det/s(-) denotes the modified Fredholm determinant in connection with Bk perturbations of 
the identity and Tk{z) is some trace class operator. In particular, T2{z) is given by 



T2{z) = ^N{H^,n-^In) W{HE-zIa) W[^D{H^,^-zIa) (1.20) 

where 7o and Iqq, represent the identity operators in L^(f2;d"x) and L^(9n; rf"~^(j), respectively 
(wi ijh|^"^^o" depq^ng the surface measure on d^). The sudden appearance of the term exp(tr(Tfe(z))) 
in (ITTTS) and (IT7T9), when compared to th^^oge-dimensional case, is due to the necessary use of the 
modified determinant detfc(-) in Theorem 11737 ,, ,, 

We note that the multi-dimensional extens^)]^^y..iS) of (li.iti), under the stronger hypothe^p^ 
V G L^(f2; (i"x), n = 2,3, fir^^peared in p2J7 However, the present results in Theorem ITT3~ 
go decidedlv ^|yond those in \sz\ m lie ^following sense: (z) the class of domaigs ^ permitted by 
Hypothesis \l.i> (actually, ^^ypothe^i^ U.i) is greatly enlarged as compared to \6^:, (ii) the multi- 
dimensional extension (li.iy) of (li.ii) invokugJggrichlet-to-Neumann maps is a new (and the most 
significant) result in this paper; (Hi) while l[52] focused on dimensions n = 2, 3, we now treat the 
general case n G N, t| > 2; (iv) we provide an application involving eigenvalue counting functions at 
the end of Section [v) we study a representation of the product formula for mod^ed Fredholm 
determinants, which should be of indepen^ejit interest, at the beginning of Section It 

The principal reduction in Theorem h.'i reduces (a ratio of) n!|(^dified Fredholm determinants 
associated with operators in L'^(fl; d"x) on the left-hand side of (li.iS) to modifie^Fredholm deter- 
min|Li]|1^ associated with operators in L'^{dfl; d"'~^a) on the right-hand side of (ITTTS) and especially, 
m ^l.iy) . This is the analog of the reduction described in the one-dimensional context of Theorem 
li.'Z, where corresponds to the half-line (0, oo) and its boundary d^l corresponds to the one-point 
set {0}. As a result, the ratio of determinants on the left-hand side of (lltTB) associated with op- 
erators in i^((0, oo)^ (^:g) is reduccd^tp ratios of Wronskians and Weyl-Titchmarsh functions on the 
right-hand side of (li.id) and in (li.ii). 

Finally, we briefly list most of the notational conventions used throughout this paper. Let H be 
a separable complex Hilbert space, (•, ■)■}{ the scalar product in Ti. (linear in the second factor), and 
I-j-C the identity operator in H. Next, let T be a linear operator mapping (a subspace of) a Banach 
space into another, with dom(T) and ran(T) denoting the domain and range of T. The closure of 
a closablc operator S is denoted by S. The kernel (null space) of T is denoted by ker(r). The 
spectrum and resolvent set of a closed linear operator in H will be denoted by a{-) and p(-). The 
Banach spaces of bounded and compact linear operators in H are denoted by B(W) and Soo(W), 
respectively. Similarly, the Schatten-von Neumann (trace) ideals will subsequently be denoted by 
BkiTi-), /c G N. Analogous notation B{Hi, H^), Bao{'Hi,'H2), etc., will be used for bounded, compact, 
etc., operators between two Hilbert spaces Hi and H2- In addition, tr(r) denotes the trace of a 
trace class operator T G Bi{'H) and detp(/-H -I- S) represents the (modified) Fredholm determinant 
associated with an operator S G Bk{H), A: G N (for = 1 we omit the subscript 1). Moreover, 
X\ ^ X2 denotes the continuous embedding of the Banach space Xi into the Banach space X2. 
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s2 



to I 



general referegggs on the theory o.iij|^odified) Fredh(^^gdeterminants we^jj;efer, foj\ jgstance, 
Sect. XI.9], pTTCh. Chs. IX-XI], pST Ch. Sect. 4.2], fsiorSect. XIII.17], p5]l and pST Ch. 9]. 

2. SCHRODINGER OPERATORS WITH DiRICHLET AND NEUMANN BOUNDARY CONDITIONS 



In this section we primarily focus on various properties of Dirichlet, Hqq, and Neumann, Hqq, 
Laj^lacians in -L^(ri; (F'x) associated with open sets VI C R", n £ N, n > 2, introduced in Hypothesis 
below. In particular, we study mapping properties of {H^^^ — zl^ij , q S [0,1] (with Iq 
the identity operator in L'^{il;d"x)) and trace ideal properties of the maps I{H^^ — zlaj , 
f e LP{fl;d"x), for appropriate p > 2, and 7Ar(iJ(^Q — ^/o) ^, and 7_d (iJiJ^Q— z/n) for appropriate 
^ ^\^A^' ^ ^ V.i' ^^^^ ^^'^ being the Neumann and Dirichlet boundary trace operators defined 
in and (53). 

At the end of this section we then introduce the Dirichlet and Neumann Schrodinger operators 



and Hq in L^(0;d"a;), that is, perturbations^ of the Dirichlet and Neumann Laplacians Hq q 

and by a potential V satisfying Hypothesis 15.6. 

We start with introducing our assumptions on the set Q: 



h.2.1 Hypothesis 2.1. Let n G N, n > 2, and assume that fl C M" is an open set with a compact, 
nonempty boundary dfl. In addition, we assume that one of the following three conditions holds: 

(i) Q is of class C^'^ for some 1/2 < r < 1; 

(ii) is convex; 

{Hi) Cl is a Lipschitz domain satisfying a uniform exterior ball condition {UEBC). 

We note that while dO, is assumed to be compact, Vl may be unbounde(| in connection with 
conditions (i) or {iii). For more details in this context we refer to Appendix HT. 
First, we introduce the boundary trace operator 7^ (Dirichlet trace) by 

7^ : Gin) -> C(ail), fou = u\ea. (2.1) 

Then there exists a bounded, linear operator 70 (cf. ft)Y, Theorem 3.38]), 

7d : H'{Q) H'-^^''^\dQ) ^ L^^Sfi; d"" V), 1/2 < s < 3/2, (2.2) [|^ 

whose action is compatible with that of 7^. That is. the two Dirichlet trace operators coincide on 
the intersection of, their domains. We recall that d"~^cr denotes the surface measure on dVL and we 
refer to Appendix HTfor our notation in connection with Sobolev spaces. 
Next, we introduce the operator 7jv (Neumann trace) by 

7;v = z^-7r.V:fl''+^(Q)^L^(an;d"-V), 1/2 < s < 3/2, (2.3) [|T3] 

where v denotes outward pointing normal unit vector to dVl. It follows from (L"^) that 7jv is also a 
bounded operator. ^ 

Given Hypothesis ETi, we introduce the self-adjoint and nonnegative Dirichlet and Neumann 
Laplacians Hqq^ and Hqq associated with the domain Q. as follows, 

H^^^ = -A, dom{H^^^)={u€H\n)\jnu = 0}, (2.4) ^ 

K^a = -^, dom{H^^^) ={u€H\n)\jMU = 0}. (2.5) [|^ 

A detailed discussion of Hq^^ and Hq ^ is provided in Appendix Ia". 

12.2 Lemma 2.2. Assume Hypothesis S.i . Then the operators and H^^-^ introduced in ana 

(L.'b) are nonnegative and self-adjoint in L^{Q;d"x) and the following boundedness properties hold 
for all q e [0, 1] and z e C\[0, 00), 

{H^^a - zlay\ {H^,n - ^In)'" e B{L\Q;d-x),H^\n)). (2.6) [2^ 
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The fractional powers in (bf^) (and in subsequent analogous cases) are defined via the functional 
calculus implied by the spectral theorem for sclf-adjoint^^perators. 

^s explained in Appendix HT (cf. particularly Lemma the key ingredients in proving Lemma 
ET2~are the inclusions 

dom{H^^^) C H^m, dom{H^^,,) C H\n) (2.7) 

and methods based on real interpolation spaces. 

For the remainder of this paper we agree to the simplified notation that the operator of multipli- 
cation by the measurable function / d"x) is again denoted by the symbol /. 

The next result is an extension of \ii'2. Lemma 6.8] and aW|29j explicit discussion of the 
^;-dependence of the constant c appearing in estimate (6.48) of l[32ji 

12.3 I Lemma 2.3. Assume Hypothesis \z.L and let 2 < p, {n/2p) < q < 1, f £ LP{Q;d"x), and z £ 
C\[0,oo). Then, 

f{H^^a - zin) ~\ f{H^,a - zin) e Bp{L\n- d"x)) , (2.8) [2^ 

and for some c > {independent of z and f ) 

\\f{Ho,Q- zin) ^||Bp(i,2(Q.rf„^)) 

^ c( 1 + — J ' \\2q] IKI'I^ ~ z) '^|lz,p(R";d"a:)ll/llLP(0;(i"a:)' 

V dist[z,a[H^^^}) 

\\f{Ho,n - zin) ^||Bp(i,2(o.d„^)) 
+ 1 

^ . 2q ) IIU'I ~ '\\LP(R";d"x)\\J \\LP{n■,d"x)■ 



{2.9) [2T8" 



dist[z,a[H^^^}) 



Proof. We start by noting that under the assumption that f2 is a Lipschitz domain, there is a 
bounded extension operator £, 

£ e B{H'{n),H''{M.'')) such that {£u)\n = u, u€H'{n), (2.10) [2^ 

for all s G K (see, e.g., fS'zf) . Next, for notational convenience, we denote by Hq q either one of the 
operators H^q or Hqq and by TZn the restriction operator 

(2.11) 

Moreover, we introduce the following extension / of /, 
Then, 

/(7Jo,o - zln)-' = TZnhHo - zI)-\Ho - ziy£{Ho^n - zIn)-\ (2.13) \2A^ 

where (for simplicity) I denotes the identity operator in L^(M"'; d^x) and Hq denotes the nonnegative 
self-adjoint operator 

Hq = -A, dom(ilo) = if^(K") (2.14) 

in L^{W-d''x). 
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Let g e L'^{n;d"x) and define h = (7Jo,n - zln^'ig, then by Lemma h G H'^i{n) C 

i^(f2; d^x). Using the spectral theorem for the nonnegative self-adjoint operator .ffo.n in d"x), 
one computes, 

2 II 1 1 2 



'<T(ff0,S2) 

<dist(^,a(i?o.a))-'^||5lli.(n;d".) 
and since (iJo.n + /o)"'' G S(L2(f7; H^^n)), 



[ |A-^|-2«(di;Ho,JA)5,5)i.(0;<inx) (2-15) ^ 



J<7(J?o,n) 

<2c/ (|A-2|2« + |^ + l|2«)(di?^^„,JA)/i,/i)^,( (2.16) ^ 

o-(ffo,n) 

= 2c( ||(i?o,n - zlnrhWl,,^^^ + \z + \\h\\l,^^.^^„^^ ) 
< 2c(l + 1^ + l|2«dist(^, a{Ho,n))-"') Ml^^n,^^,) , 

where Eho n(') denotes the family of spectral projections of Hqxi. Moreover, utilizing the represen- 
tation of {Ho — ziy as^t^e operator of multiplication by ~ Fourier space L^(R"; d"^), 
and the fact that by (BTTO) 

f eB(fl'2«(Q),if2''(M")) nB(L2(0;d"a;),i2(IR";rf"a;)), (2.17) 

one computes 

11(^0 -^/)'^C^(«„;,„.)= / 



<2J^^d"^(|€|4« + |.|2'^)|(fft)(0r (2.18) 

< 2( ||£/i||k(Mn) + Nl'^ ll^/i|li^(M»;dn.) ) 



2.17 



<2c(ll'»llH^.(a) + N'' ll^lliwx))- 
Combining the estimates (briB), (briB), and (briB), one obtains 

[Hq - ziy£{Ho,n - zIq)-i G B{L'^{fl; (Px), L'^{W- d"x)) (2.19) I^Tls" 

and the following norm estimate with some constant c > 0, 

WiHo - zimHo,a - ^/n)-i^(,.(,^,„,,,.(«.,„,, < c+^r^^^^- (2.20) ^ 

| Si05 | RS7'9 

Next, by Theorem 4.1J (or |Yy, Theorem XI.20J) one obtains 

f{Ho - ziy G i3p(L2(M"; d"x)) (2.21) [TTio" 

and 

||/(i?0 -2;/)"''||g (L2(R„.d^^)) < C||(M^ - 2;)~^|Up(R'';d''x)ll/l|LP(E'';d''x) 



Bp(L2(R^;d"a;)) 

nn |2 ^;)~^||2^p(Rn.dn3;)||/||j:,p(n.dna;). 



(2.22) I2.21 

Thus, (liK) follows from (1^13), (Itli), (1^21), and (Iff) follows from (Irfi), (1:20), and (1^22). □ 
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Next we recall certain mapping properties of powers of the resolvents of Dirichlet and Neumann 
Laplacians multiplied by the Neumann and Dirichlet boundary trace operators, respectively: 

Lemma 2.4. Assume Hypothesis ^7i~and let e > 0, z G C\[0, oo). Then, 

7;vKa - zIa)-^'+'^^\MKn ' zln)-^'^'^'' G B(L^(f};d"cc),i^(aO;d"-V)). (2.23) 

f jUtZOS 1 12 .4 1 12.2 1 2.2 1 2.3 

Lemma 6.9], Lemma lz.4 follows from Lemma U,:a and from (I2T2) and (Iz.cj). 

Corollary 2.5. Assume Hypothesis S.i and let fi e U"^ {Q,; x) , pi > 2, pi > 2n/3, /2 G 

LP^{Q;d'^x), p2 > 2n, and z G C\[0, oo). Then, denoting by fi and /2 the operators of multi- 
plication by functions fi and f2 in L'^ {fl; d"" x) , respectively, one has 



7iv(fl"o^a - zl^y\f2 e Sp,(i'(f7;d"x),i2(5Jl;d"-V)) 
and for some Cj{z) > {independent of fj), j = 1,2, 



lN{H„%-zIn) f2 



(2.24) 
(2.25) 

(2.26) 

(2.27) 



8,,(L^(0;d".),L^(9n;d"-V)) - ""^^'^ ll/2llL.2(n;d".) ■ 
I GLMZOS I c2.5 1 12.3 1 12.4 

As in \6'l, Corollary 6.10], Corollary b.t) follows from Lemmas U,:6 and U,A. 

Finally, we turn to our assumptions on the potential V and the corresponding definition of 
Dirichlet and Neumann Schrodinger operators and Hq^ in L^(0;d"a;): 

h2 1 

Hypothesis 2.6. Suppose that VI satisfies Hypothesis 12. i and assume that V S LP{Q.; d^x) for some 
p satisfying p > 4/3 in the case n = 2, and p > n/2 in the case n > 3. 

Assuming Hypothesis ^.b, we next introduce the perturbed operator^iJ^ and Hq in L'^{Q; d^x) 
by alluding to abstract perturbation results summarized in Appendix IB" as follows: Let V, u, and v 
denote the operators of multiplication by functions V. u =2c:^p(« arg(y))|l/|^/^, and v = \V\^^'^ in 
X^(i7;d"x), respectively. Since u,v E L^P{n;d''x), Lemma KTyields 



u{H^^a - zin) {H^^n ' zin) '''v e B2p{L^n; d"a;)) , z € C\[0, oo), 
u{H^^a - zla)~^'\ {H^^^ - zla)~^'\ e B2p(i'(0; rf"a;)) , z G C\[0,oo), 



and hence, in particular. 



dom(u) = dom(t;) D H^{n) D H'^{n) D dom{H^^^), 
dom(u) = dom(w) D F^(fi) D H^{n) D dom{H^^^). 



(2.28) 
(2.29) 

(2.30) 
(2.31) 



Thus, operators Hqq, Hqq, u, and v satisfy Hypothesis KT"(i). Moreover, (l2f2S) and (bf29) imply 

u{H^^^ - ziny'v, u{H^^^ - zln)~^v G ^^(^^(O; d"x)) , z G C\[0,oo), (2.32) 

which verifies Hypothesis ^.1 (ii) for H^^-^ and Hf^^. Utilizing fe^^ in Lernni^ Iz.'ci with —z > 
sufficiently large, such that the S2p-norms of |^|gOperators in (§725) and (bT29) are less than 1, 



ag.(^ hence the Bp-norms of the opg^a^ors in (12732) are less than 1, one also verifies Hypothesis 
ET.'l (Hi). Thus, applying Theorem BTTone obtains the densely defined, closed operators and 
Hq (which are extensions of H^^^-^ + V on dom^H^^^ ndom(y) and Hf^^+V on dom(H^j-^) ndom(y), 
respectively). In particular, the resolvent of Hq (respectively, Hq ) is explicitly given by the analog 
of (p.b) in terms of the resolvent of Hqq (respectively, Hqq) and the factorization V = uv. 
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12.6 12.8 12.22 12.25 12.28 12.31 12.32 12.35 

We note in passing that (|2^)-(|2^), (|2^), {U7M)-{ir27) , (E^), {\Zi79), (E^), etc., extend of 
course to all z in the resolvent set of the corresponding operators H^q and H^q. 

3. DiRICHLET AND NEUMANN BOUNDARY VALUE PROBLEMS 
AND DIRICHLET-TO-NEUMANN MAPS 

This section is devoted to Dirichlet and Neumann boundary value problems associated with 
the Helmholtz differential expression — A — z as well as the corresponding differential expression 
—A + V — z in the presence of a potential V, both in connection with the open set il. In addition, 
we provide a detailed discussion of Dirichlet- to-Neumann, Mqq, Mq, and Neumann-to-Dirichlet 
maps, Mo^f,, M^^, in L^d^; d^-^a). 

Denote by 

^N:{uGH^{n)\Aue{H\n))*}^H-'^/^{dn) (3.1) [sTo 

a weak Neumann trace operator defined by 

(7Aru, (!>)=[ (Fx Vu(x) • V$(.x) + (Au, $) (3.2) 
Jo. 

for all (j) e H^/^idn) and $ e H^iQ) such that 7£)<I' = (p. We note that this ck^finition is independent 
of the particular extension $ of 0, and that 'y^ is a bounded ext(j:^sioii o|'^he Neumann trace operator 
7jv defined in (E73). For more details we refer to equations (K7T1)-(K7T7). 

We start with the Helmholtz Dirichlet and Neumann boundary value problems: 

Theorem 3.1. Suppose is an open Lipschitz domain with a compact nonempty boundary dfl. 
Then for every f G H^{diVj and z G 'C\a{H^Q) the following Dirichlet boundary value problem, 



3.1a 



(3.5) [3T2] 



U-A z)u^ = Oonn, H^/^{n), _ 
\idUq = f on ail, 

has a unique solution Uq satisfying jnUq € L^{di^;d"~^a). Moreover, there exist constants = 
C^{fl,z) > such that 

I|w?ll/f3/2(n) <C^||/||Hi(an). (3.4) 

Similarly, for every g G L'^ {dO.; d^~^ a) and z G C\cr(i?o*a) the following Neumann boundary value 
problem, 

U-A- z)u^ = Q on n, u^GH^/\n), 
I ^nUq = g on dil, 

has a unique solution Uq . Moreover, there exist con stants = C^{n, z) > such that 

Ildlif3/2(n) <C^||.9|U2(ao;d"-i.)- (3.6) 

1 3.1 J 3.4^ 

In addition, (1373) -(b.b) imply that the following maps are bounded 

[lN{{H^,n-zIayyT ■■HHdn)^H^/\n), zGCV(iJo^o), (3.7) [Ti^ 

[MiKn-^Inyyy ■■LHdn-d^-'a)^H^/^{n), zeC\a{H^^^). (3.8) ^ 
Finally, the solutions Uq and Uq are given by the formulas 

u^{z) = -{^N{H^,n-zInryf, (3.9) ^ 
u^{z) = {'yD{H^,n-zIayyg. (3.10) ^ 
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Proof. It follows from Theorem 9.3 in ffof that the boundary value problems, 



[IdU^ = / e H\dn) on dfl ^ ' ' '— — ' 



and 

Ua + z)u^ = Oonn, J\f{Vu^)&L\dn;d^-'a), „ 
\^NU^ = ge L'^{dn- dr-^a) on dQ., ^ ' ' '— — ' 

have unique solutions for all z G C\a(HQ Q) and z € C\a(HQ Q) , '^'^''R^S^^Iiife satisfying natural 
estimates. Here denotes the non-tangential maximal function (cf. \^o[, |B1Jj 

{Afw){x)= sup \w{y)\, x€dn, (3.13) 

where w is a locally bounded function and r(a;) is a nontangential approach region with vertex at 
X, that is, for some fixed constant C > 1 one has 

T{x) = {yGn\\x-y\< Cdist(y, 90)}. (3.14) 

In the case of a bounded domain fl, it follows from Corollary 5.7 in If4t)f that for any harmonic 
function w in f2, 

AfiVv) e L'^idn- <r-^(j) if and only if t; G H^'^{n), (3.15) [iT] 

accompanied with natural estimates. For any solution u of the Helmholtz equation (A + z)u = on 
a bounded domain O, one can introduce the harmonic function 

v{x)=u{x) + zl (F-yEn{x-y)u{y), x G O, (3.16) 
Jo. 

such that M{Vu) G {dO.; dJ"-^ a) if and only ii M{Vv) G {dO.; (T'^ a) , and u G H^/^{VL) if 
and only if u G i?^/^(0). (Again, natural estimates are valid in each case.) Here S„ denotes the 
fundamental solution of the Laplace equation in R", n G N, n > 2, 

E.^.)4^:^ III. .erm. (3.7) 

^_ n(2— n)w„_i II ' — ' 

with Un-i denoting the area of the unit sphere in M". The equivalence in (b7T5) extends from 
harmonic functions to all functions u satisfying the Helmholtz equation, (A + z)u = on a bounded 
domain fl, 

M{Vu) G L^idfl; <r-^a) if and only if m G H^/'^{n). (3.18) 

Thus, in the case of a bounded domain O, (Lcj) and (Lb) follow from (lj.il), (lj.'i2), and (L'iS). 

Moreover, one has the chain of estimates 

II"?IIh3/2(o) < Ci[\\M{Vu^) ||i2(9n.<j„-i^) + WuEWmn.d^x)] < C2||.f ||fl-i(L2(ao;<i"-i^)) (3.19) 

forgSome constants Cfc > 0, /c = 1,2. In the case of an unbounded domain O, one first obtains 
(BTTS) for QnB, where B is a sufficiently large ball containing dQ. Then, since z G C\a[HQQ) = 
C\(T(^H^f^-^) = C\[0, oc) (since now fl contains the exterior of ^t^all in M"), one exploits the exponen- 
tial deg£^ of solutic^s of the Hgl^iholtz Miration to extend (btTS) from Q H B to fl. This, together 
with (bnri) and (brr2), yields (Bi^I|id (b^i^ 

Next, we turn to the proof of (BT?) and (BTTO). We note that by Lemma U.i, 

jr^{H^^n-zIny\MKn-^Inr' e B{L\il;cPx),L\dn;d^-'a)), (3.20) 
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and hence 

{7N{H,%-zInyy, (7D«o e B{L'{dn;r-'a), L^in^^x)) . (3.21) [^T^ 

Then, denoting by Uq and Uq the unique solutions of (bfS) and (bt^), respectively, and using Green's 
formula, one computes 



+ i^NU^ ,lDiH^,a -zln)~^v) ^,^g^,^^_,^^ 



'L2(aQ;d»l-V) 



= -{hN{K,n-zIn)-yf,v)^,,^.^. (3.22) 



L2(n;d"a;) 



and 



W'^)L2(a;dn^) = (uo , (-A - z)(i/(ff, - z/jj)"^)^,(^.^„^^ 

= ((-A - Z)U^, «o - ^^^^)"'^)i.(n;<inx) 

- hoU^ ,Jn{H^,U L2^g^.a^-,^^ 

= ((7D«n -^/n)"T5,t;)^.(,,^,„,) (3.23) 

13 . 3 13 . 4 

for any v ^ {Q; x) . Thi| Droves (1^) and (B7T0) with the^ODeratora involved understood in the 
sense of (L^ij. Granted (BTlJ and (BTsf , one finally obtains (BTTJ and (BTSy. □ 

We temporarily strengthen our hypothesis on V and introduce the following assumption: 
I 1 . [ti2.1 

h3.2 Hypothesis 3.2. Suppose the set ft satisfies Hypothesis U.L and assume that V G LP{Q;d^x) for 
some p> 2 if n = 2,3 and p > 2n/3 ifn>4. 

i ts.i 

By employing a perturbative approach, we now extend Theorem BTT^in connection with the 
Helmholtz differential expression —A — ^; on O to the case of a Schrodinger differential expression 

-A + y - z on f7. 

t3.3 Theorem 3.3. Assume Hypothesis ^.2. Then for every f G H^{dO,) and z G C\a[HQ) the follow- 
ing Dirichlet boundary value problem, 



{-A + V - z)u^ =0 on n, u°GH^/^{n), 
"/Du^ = f on dfl, 



D . (3-24) {Ml 



has a unique solution satisfying Jnu^ G L^{di^;d" ^cr). Moreover, there exist constants = 
C^{Q.,z) > such that 

h''\\HyHn)<C''\\f\\HHou). (3.25) 
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Similarly, for every g £ L^{dfl;cr'^^^a) and z £ C\CT(i?s^) the following Neumann boundary value 
problem, 



U-A + V- z)u^ = on n, e H^/^{n), 
1 7Aru^ = g on dCl, 

has a unique solution . Moreover, there exist constants = C^(f2, z) > such that 



(3.26) 



\\u 



■'^lli?3/2(o) < C^\\g\\L2(an;d"-^a)- (3.27) 
In addition, (13724) -(L'zVj imply that the following maps are bounded 

[jn{{hE - zlnyyy : H\dn) ^ H^^Q), z G C\a{H,^^a), (3-28) 

- zlnyyy : i^(aO;d"-V) ^ H^/\n), z G <C\cT{H^,n)- (3-29) 
Finally, the solutions and are given by the formulas 

u^{z) = -[^n{{hE- zlnyyy f, (3.30) 

u'^iz) = ['yniiHE -zlnyyy g. (3.31) 

Proof. We temporarily assume that z G C\{a{H^^^^) U cr{HE)) in the case of the Dirichlet problem 
and z G C\((T(i7(^j2) U (t(^HE)) in the context of the Neumann problem. Uniqueness of solutions 
follows from the fact that z ^ a{HE) and z ^ a{HE), respectively. 
Next, we will show that the functions 

u'^iz) = uEiz) - {hR - zIny'VuEiz), (3.32) 

u''{z) = u^{z) - {HE - zlny'Vu^iz), (3.33) 

with UQ,y^ ^iven by Theorem &7T7 satisfy (IsTSD) and (IsT^l), respectively. Indeed, it follows from 
Theorem Eflhat ul^,u^ G H^/^{n) and jnuI^ G L^{dn;d''-'^a). Using the Sobolev embedding 
theorem 

H^/^{n) ^ rf"a;) for all g > 2 if n = 2, 3 and 2 < g < 2n/(n - 3) if n > 4, 

and the fact that V G LP{i}; d^x), p >^ if n =|^>^^ and p > 2n/3 if n > 4, one concludes that 
Vu^,Vu^ G L^{n;d"x), and hence (Bi32) and (bf33) are well-defined. Moreover, it follows from 
Lemma l:3^hat V{H^^^ - ^/n)"\ V{H^^^ - ^/q)"^ G Bp{L^{fl;d''x)), and hence 

[ln + V{H^^n-zInyT' eB{L\n;d"x)), z e C\{a{H^^a) ^ (^{hE)), (3-34) 
[In + - ziny'] G 6(^2(0; d^x)), z G C\(a(ifo'yn) U ct{hE)), (3.35) 

|tB.3 |2.4 |2.5 

by applying Theorem BX Thus, by (B^) and (23), 

(ifj? - zlny'Vu^ = {H^,n - ziny' [in + V{H^^a - ziny'] " Vw? G H^{Q), (3.36) 
{HE - zlny'Vu^ = «n - zlny'[ln + l^«n - ^/n)"']"V«^ G /^^(fi), (3.37) 
and hence G H^/^{Q) and 7ivu^ G ^^(an;^"-^). Moreover, 

(- A + y - z)u^ = (- A - ^)u? + Vu^ -{-A + V-z) {HE - zin) " Vu? 

= Vu^ - InVu^ = 0, (3.38) 
(-A + y - 0)«^ = (-A - ^)n^ + Vu^ - (-A + y - 0)(//^ - zlny^Vu^ 

= Vu^ - InVu^ = 0, (3.39) 



3.10 



3.10a 



3.10b 



3.10c 



3.11 



3.12 



3.13 



3.14 



3 


15 




3 


16 
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and by (br^), (bf^) and (bfM), (bT35) one also obtains, 
iDu'' = iDuE - ID [HE - zlnyWu^ 

= f- lD{H^,n - ^In)'' [In + V{H^^^ - zln)''] ~'Vu^ = /, (3.40) 

~ N ~ N ~ /■ ttN t \^1ta N 

= 9- 7N{Kn - zlny'[ln + V{hI;^,, - z/n)'']"Vw^ = g. (3.41) 
Finally, (bfSD) and (b^T) follow from (bf^), (bfTO), (b!32), (bt33), and the resolvent identity. 



MJ^.(.): r r ^^CV«,), (3.44)^ 



'(.) = [la - {HE z/o)-V] [ - 7^((i?o^o - ^Iny'rVf 
= -[MiH^:n zlnyy[ln - {hR - zl^yW]*]* f 
= -[lN{{HE-zInyyVf, (3.42) 
u^{z) = [In - {HE - ziny'v] [Mi^^n ^ zlny'TYg 
= [7D((i/<fn - zlnyy[ln - {HE - ./a)" Vj^^ 
= [jo{{HE-zInyyr9. (3.43) 

Analytic continuation with respect to z then permits one to remove the additional condition z ^ 
(j{Hq^ in the case of the Dirichlet problem, and the additional condition z ^ a{HQE) iii the 
context of the Neumann problem. □ 

Assuming Hypothesis ^.i, we now introduce the Dirichlet- to-Neumann map Mqq{z) associated 
with (—A — z) on as follows, 

' H^{d^) ^ L^{dVl-(F-^a), 

f ^ -INU^ 

where Uq is the unique solution of 

(-A - z)u^ = on f7, e H^'^{VL), -fouj^ = f on dQ, (3.45) 

Similarly, assuming Hypothesis ^.'2, we introduce the Dirichlet-to-Neumann map ME{z), associated 
with (-A + V - z) on Cl, by 

ME{z): { ^ ' } 'j, zGC\a{HE), 3.46 

where is the unique solution of 

(-A + V - z)u° = on O, e i?^/^(r2), ^du^ = / on 89.. (3.47) 

| t3.1 hbS.S 

By Theorems BTTand BTXbne obtains 

M^,^{z),ME{z) e B{H\dn),L\dn-cr-^a)). (3.48) 

In addition, assuming Hypothesis we introduce the Neumann-to-Dirichlet map Moq(z) as- 
sociated with (—A — z) on O, as follows, 

[ g^lDU^, 

where Uq is the unique solution of 

(-A - z)u^ = on O, e H^I'^{Q), ^nUq = g on 89., (3.50) 
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Similarly, assuming Hypothesis fe^we introduce the Neumann-to-Dirichlet map {z) associated 
with (-A + V - z) onQ.hy 

where is the unique solution of 

(-A + V- z)u^ = on fi, & H^/'^{n), ^nu^ = g on dn. (3.52) 

I ts. 1 | t3.3 

Again, by Theorems b.i and vi.'d one obtains 

M^,a{^),M^iz) e B{L^dn;d--'a),H'{dn)). (3.53) 

Moreover, under the assumption of Hypothesis ^TPfor M^q{z) and M^q{z), and under the 
assumption of Hypothesis ^T2^or Mq{z) and Mq (z), one infers the following equalities: 

Mo^^(z) = -M^,niz)-\ z e C\(a«,,) U a«^)), (3.54) 

M^(z) = -M^(z)-i, zGC\{a{HE)Ua{H^)), (3.55) 

and 

<a(^) = 7iv[7iv((i?o'?o-^^o)"T]*, zgCV«^), (3.56) 

Mi^{z)^^N[jN{{HE -zlnyyy, zeC\a{HE), (3.57) 

Mo^a(^) = 7D[7D(«n"^/n)"T]*, zeCV«o), (3.58) 

M^{z) = jD[MiH^ -^InyyV' ^eCV(i//^). (3.59) 

1 3.30 1 3.33 

The representations (b.5t))-(b.5y) provide a convenient point of departure for proving the operator- 
valued Herglotz property of Mq and -v^^ *° topic in a future paper. 

Next, we note that the above formulas (b.'tib) (b.'^y) may be used as alternative definitiong^of the 
Dirjghlet-to-Neumann and Neumann-to-Dirichlet maps. In particular, we will next use (b.5Y) and 
(13759) to extend the above definition of the operators Mq (z) and Mq (z) to a more general setting. 
This is done in the following two lemmas. 

13.4 I Lemma 3.4. Assume Hypothesis U.b. Then the following houndedness properties hold: 

jNiHE - zln)~^ eB{L^{n;d'^x),L^{dn;d"-^a)), zeC\a{H^), (3.60) 

jd{H^ -ziny' &B{L^{n;d''x),H\dn)), zeC\a{H^), (3.61) 

[jn{{hE -zlnyyy eB{H\dn),H^/\n)), z€C\a{H^), (3.62) 

[jn{{H^ -zlayyy eB{L\dn;d'^-'a),H^^'{n)), zGC\a{H^). (3.63) 

Moreover, the operators Mq (z) in (bfST) and Mq (z) in (Lby) remain well-defined and satisfy 

M^{z)eB{H\dn),L^{dn;d''-^c7)), zeC\a{Hi^), (3.64) 

M^iz) eB{L\dfl;d"-^a),H\dn)), zeC\a(i7/^). (3.65) 

In particular, Mq{z), z € C\a[HQ), are compact operators in L'^{dQ;d"'~^a). 

Proof. We temporarily assume that z e C\(cr(F(fj^) U cr{H^)) in the case of Dirichlet Laplacian 
and that z € <C\{a{H^Q) U a(^HQ^^ in the context of Neumann Laplacian. 

Next, let u,v and u,v denote the following factorizations of the perturbation V, 

V{x) = u{x)v{x), u{x) = exp(^arg(y(a;)))|y(a;)|^/^ v{x) = \V{x)\^^'^, (3.66) 



3.26 



3 


28 




3 


29 



3.30 



3.31 



3.32 



3.33 



3.38a 



3.39a 



3.40a 



3.41a 



3 


42a 




3 


43a 



3.44a 
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V{x) = u{x)v{x), u{x) = exp{ia.rg{V{x)))\V{x)\P^P\ v{x) = \V{x)\p^p-', 



where 



Pi 



P2 = 



3p, n = 2, 
4p, n > 3. 



3p/2, n = 2, 

4p/3, n > 3, 

p.2.6 ^ 1 3 .44^ I 3.45& 

We note that Hypothesis ti.b and (b.bb), (b.bi) imply 

u€LP'{n;(rx),v€LP^{n;(rx), and u, e L^P(f2; d"a;). 
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(3.67) 
(3.68) 

(3.69) 



It follows from the definition of the operators HR and Hq and, in particular, from (ETB) that 



{HE 


- zIq) ^ = {Hq q 






- zIn) 




- zIq) 




-zla)-' 




= {Ho,n 




- {Ho,n 


- zIq) 




- zIq) 




- zIq) \ 
(3.70) 




-z/n)-' = «a 


-zInT' 


- (^oSi 


- zIn) 




- zIn) 








= {Ho,n 


-zla)-' 


- {Ho,n 


- zIq) 




- zIn) 




-zh,)-\ 



(3.71) 

Next, we establish a number of Jjoundedg^ss properties that will imply (b.bU)-(b.b5). First, note 
that it follows from Hypothesis ET^ and (b.'bsj that pi = |p > 2 >|^_2n/3, P2 = 3p > 4 for n = 2 and 
Pi = |p > 2n/3, p2 = 4p > 2n for n > 3. Then, utilizing Lemma l2T37one obtains 



u{H^^^ - zln)'' G B{L\n;crx),L\n;d^x)), z G C\a{H^^a), 
u{H^^a - zln)'' G B{L\n;crx),L\n;d^x)), z G C\a{H^^a), 
{H^^^ - zIny'^veB{L\n;d^x),L^{n;crx)), z G C\a{H^^^), 



and, utilizing Lemma 

- zIn) 

jN 



(H^^a-zla) ' vGB{L\a;d^x),L\Q;d"x)), zGC\a{H^^^), 

112^2 l lncl-xxx 

and the inclusion (IA.4), one obtains for £ G (0, 1 — 2n/p2), 



H^n-zIaY 



G B{L\n;d''x),H'i^{Q)), z e CV«,,), 
G B{L\n;d'^x),H'i^{n)), z G C\a{H^^a)- 



In addition, 



zir, 



: L^in-.d'^x) ^ [VL) ^ H'^'^in), 



z e 



In particular, one concludes from 



13. 53a 13. 56a 

{WltJ-iWff^ that 



{Hl^^a-zln) 'veB{L'{n;d^x),H'/^{n)), zeC\a{H^^n), 



rN \ 



(3.72) 
(3.73) 
(3.74) 

(3.75) 

(3.76) 
(3.77) 

(3.78) 
(3.79) 

(3.80) 
(3.81) 



zIn) eB{L\n;d'''x),H^/^{n)), z e C\cr(i?, 

[3. 53a 1 3.56 a 1 2.3 l incl-xxx 1 1 A. 6 

In addition, it follows from (b.Y4)-(b.Yy), the definition of 7Ar (E3), inclusion (IA.4), and Lemma lA.b 
that 

7iv(ifo'^n-^/Q)"'?^GS(i2(fi;rf"a;),L2(af2;d"-V)), zGC\a{H^^n), (3-82) 
jD{H^,a-zIny'vGB{L\^l;d-x),H\dn)), zGC\a{H^^^). (3.83) 
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| t3.1 

Next, it follows from Theorem b.i that 
Then, employing the Sobolev embedding theorem 



(3.84) 
(3.85) 

(3.86) 



with q satisfying 1/q = (1/2) - (l/pi) > (1/2) - 3/(2n) 2, and ^e fact that u G (fi; d"a;), 
one obtains the following boundedness properties from (b.84j and (b.'»bj, 

u[jN{H^,n-^Iny']* &B{H\dft),L\Q;(Px)), zGC\a{H^^^), (3.87) 

u[jD{H^,a-zInr']* & B{L\dn;d^-'a),L\i};drx)), z G CXaiHi'^a)- (3-88) 

Moreover, it follows from Theorem ferTthat the operators [/q + u(^Hqq — zIq) and [Iq + 

H^QSi - zlny^v] arc boundedly invertiblc on L'^{n;d'^x) for z G C\{a{H^^^) U (j{Hg)) and 
z e <C\{(j{^Hqq) U a^H^)), respectively, that is, the following operators are bounded, 

[ln+u{H^,u-zIny'vr' eB{L\n;(Px),L\Q;d"x)), z e C\{a{H^^a) ^ (3-89) 
[ln+u{H^,n-zIny'vy' eB{L\Q;rx),L\Q;rx)), z e C\{a{H^^a) ^ C7{H^)) . (3.90) 

1 3. 47 a 1 3 .68 a 1 13.4 1 3. 38 a 

Fin^comb^ngg|Dl-|g, cni|tfbtains the asser|o|^of L^a|^s fdlgws: follows 
from Iggf; ^ follows from^^^^^gs^^of ; (M follows 

from (BtTD), r^f^ 
Thus, by (P 



r.W S^Sga^ ' |5V67a ^' BTWa^ 

(b^, (biSTJ, and (bfsgj. 



pws from {BTTTJ, (bfSl), (bfSS), (SiUDJ; 
we may introduce the operator 

nr-i-i 



M^{z) = M^^^{z)-'y^{H^^^-zI^) 'v[ln + u{H^^n ' ^In) 'v] u{^r^{H^^^-zI^) ')*, (3.91) 

and observe |l^t it satisfies (L"b4j. In addition, (L'yuj shows that (LbY) remains in effect under 
Hypothesis Blir 

Similarly, by (b.4y), (b.83), (b.ss), and (b.yu), wc may introduce the operator 



M^{z) = M,''^^{z)-jn{H^,n-zIa) 'v[ln+u{H^^n - ^^n) 'v\ u{^niH^,a-zIn) (3.92) 

1 3. 43a 1 3.48a 1 3.33 

and observe ^h^t it satisfies (b.t>t)j. In addition, (b.Yi) shows that (b.&y) remains iiLfi^ect undg^ 
Hypothesis U.i). Moreover, since H^{dfl) embeds compactly into L^(9r2; d"~^c7) (cf. (CO) and |bU, 
Proposition 2.4]), MqJ:^, z S CW^^q^), are compact operators in L^{dfl;d"~^a). 

Finally, formulas (13757) and (b.by) together with analytic continuation with respect to z then 

□ 

D 



and iJ,^ 



permit one to remove the additional restrictions z ^ <^{Hq^^ and z ^ ai^H^^^j, respectively. 

Actually, one can go a step further and allow an additional perturbation Vi G L°°(f2; d'^x) of Hq 

-N 
Q > 

H?,n = HE + Vu dom(ifi^J = dom(if^), (3.93) 

H^,n = HE + Vi, dom(ffiyo) = dom(if^). (3.94) 

Defining the Dirichle^-^^-Neumang^and Neumann-to-Dirichlet operators and in an anal- 

ogous fashion as in (^57) and (13759), 



<n(-^) = 7i.[7i.(«o - zlny')*]*, z G CV«n), 



(3.95) 
(3.96) 
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13.5 



one can then prove the foUowing resuh: 



,2.6 



Lemma 3.5. Assume Hypothesis U.b and let Vi G L°° (Q; (P x) . Then the operators M^q{z) and 



13 713. 13 723. \ ' / 

M(^q{z) defined by (b.ybj and (b.'ybj satisfy the following houndedness properties, 



(3.97) 
(3.98) 



Proof. We temporarily assume that z £ C\(a(H^) U cr(iffQ)) in the case of M['^ and that z e 
C\{a{H^) U t^^e context ojj^l^n-^ 

Next, using resolvent identities and ' ' 



(b.yiij, (ti.y4), one computes 



(/fi^o - ^/n)"' = (^f^ - zln)-' - {HE - zln)-' [in + V,{hE - zlnY' 



vAhE 



zin) 



(3.99) 



«o - zln)~' = {HE - zln)~' - {hE - zln)'' [h, + V,{hE - ^/n)"']" V^{hE - zIn)-\ 

(3.100) 

and hence, 



^N{HE-zIn) ' 



V, [HE - zlnY' 1 " V, [in {{HE - zlnY^ 



M^^^ = ME~lD{HE-zIn) 



In -r yiy^Hi 
In + V^{H,^ 



zIn 

1 3 .73a 1 3. 74^ 1 3. 38a ,1 3.43; , 

The assertions (b.UYJ and (b.ys) now follow from (b.bu)-(b.t3i3) and the fact that by Theorem \B.6, the 
operators [ln + Vi{HE — zIq) ^] and [Iq + Vi{hE — zIn) ^] are boundedly invcrtiblc on i^(f7; d"a::) 
for all^ C\{a{HE) U o-(i?i^o)) and z e C\{a{HE) U ^(iJi^f^)), respectively. Formulas (ligs) 
and (Lybj together with analytic continuation with respect to z then permit one to remove the 
additional restrictions z ^ a{HE) and z ^ a{HE), respectively. □ 

Weyl-Titclmj^rsh operators, in a spirit close to ours, have recently been discussed by Amrein 
and Pearson l[2] m connection with the interior and exterior of a ball in and potentials V G 



V,[^n{{HE - zIn)-') 



1 \ *-! * 



(3.101) 
(3.102) 

ttB.3 



d^x). For additional literature on Weyl-Titchmarsh operators, rdc 

. JgF '^^ ('^Q Wjj^ iSa^gfclglSp 'IpY& instance, to fl' 

: [311, [39, Ch. 3], pn pj; IbSjIVfci], " ' 



map to 



.Levinson-type inverse spectral problems we refer to 



bj, |9 

For applications ^rf th^Din^let-^, 



6b], l[V3], 



(see alsol^3[ for an alternative approach based on the boundary control method). The inverse 
problem of detecting the number of connected components (i.e., the number of hole||^in dil using 
the high-energy spectral asymptotics of the Dirichlet-to-Neumann map is studied in p3j5 ^ 
Next, wc prove the following auxiliary result, which will play a crucial role in Theorem h.i, the 

principal result of this paper. 



Lemma 3.6. Assume Hypothesis 



Then the following identities hold, 



Mo^n(^) - ME{z) = ^n{HE - Zln)-'V[^N{{H^^^ - 

z&e\{a{H^^^)^a{HE)), 

MS{z)M^^a{z)-' 



1\ *-] * 



Ion-7N{HE-zIn) 'v[yn{{H^^^ - zla) Y 

z e C\{a{H^^^) U a{HE) U a{H^^a))- 



(3.103) 
(3.104) 



3 


73a 




3 


74a 



3.75a 



3.76a 



3.77a 



3.78a 



3.35 



3.36 
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Proof. Let z G C\{a{H^,;^) U a{H^)). Then (UtTOS) follows from (IfSO), (ItCT), and the resolvent 
identity 

= MinUhr - zh,)-W{HD^, - zinyyy (3.105) 

13 28 13 32 13 35 

Next, let z e C\{a{H^,^) Ua{HE) Ua{H^,^)), then it follows from (bfM), (BtSS), and (btTD3) that 
ME{z)M^,a{z)-' = Ian + {mE{z) M^,,{z))M^,,{z)-^ 
= Ian + (M^A^) - Mff (z))A<,,(z) 

= Ian + IN {HE -zInyW[-fM{ (H^^ - z/q) " ') *]* (3-106) 

Let 3 G L2(5j^.^n-i^) Then by Theorem ^ 

u=[jD{{H^,n-zIa)~yY9 (3.107) [sAl] 

is the unique solution of 

(-A - z)u = on n, u e F^/2(r2), 7Aru = 5 on (3.108) 
Setting / = 7j3U e H^{d^) and utihzing Theorem S.i once again, one obtains 



u=~[jN{HE,n-zIny'Yf 



= ~bNi{K,n-zIn) T]*7B[7B(«a-^/a)"')1V (3-109) [Tiil 

Thus, it follows from (ItTD?) and (btlDQ) that 

[7A.(«, - ^^^^rT]*7DM(<o - -^^rT]* = -[7B(«n - ^/n)-T]*. (3.110) ^ 
Finally, insertion of (H^TTO) into (1^106) yields (itTD4). □ 

1 4.24 1 4. 29a _ 1 3.35 

follows from (OS)-(ET53), 7jv can be replaced by jn on the right-hand side of (b.iU3) and 

(™)- .36 

We note that the right-hand side (and hence the left-hand side) of (b i(j4) permits an analytic 
continuation to ^; e f (-f^o^n) as long as z ^ (ai^HE) U (j{^Hq q)Y 

4. A Multi-Dimensional Variant of a Formula due to Jost and Pais 

In this section we prove our multi-dimensional variants of the Jost and Pais formula as discussed 
in the introduction. 

We start with an elementary comment on determinants which, however, lies at the heart of 
the matter of our multi-dimensional variant of the one-dimensional Jost and Pais result. Suppose 
A G fi(Hi,W2), B e B{H2,ni) with AB G ^1(^2) and BA G Si (Hi). Then, 

dct(/w2 - AB) = dct(/Hi - BA). (4.1) [TTF 

1 4 . 

Equation (kTT) follows from the fact that all nonzero eigenvalues of AB and BA coincide including 
their algebraic multiplicities. The latter fact, in turn, can be derived from the formula 

A{BA-zIn,)~^B = lH,+z{AB-zlH,)-\ z e C\{a{AB) U a{BA)) (4.2) 

(and its companion with A and B interchanged), as discussed in detail by Deift fra^ 
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In particular, Tii and Ti.2 may have different dimensions. Espec^Uy, one of them may be infinite 
and the other finite, in which case one of the two determinants in (k.'i) reduces to a fini^i^ determinant. 
This case mdggd occurs in the original one-dimensional case studied by Jj^sJ and Pais pff as described 
in detail in IfaaJ and the references therein. In the proof of Theorem kTz below, the role of Hi and 
0.2 will be played by L^(ri; cPx) and L'^{dil; d'^~^a), respectively. In the context of KdV flows and 
reflectionlcss (i.e., generalizations of soliton-type) potentials represented as Fredholm determinants, 
a reducticgj of such determinants (in some cases to finite determinants) has also been studied by 
Kotani I b'z], relying on certain connections to stochastic analysis. 

We start with an auxiliary lemma which is of independent interest in the area of modified Fredholm 
determinants. 

14. 1 Lemma 4.1. Let H be a separable, complex Hilbert space, and assume A,B £ Bk{H) for some fixed 
A: G N. Then there exists a polynomial Tk{-,-) in A and B with Tk{A,B) G Bi{H), such that the 
following formula holds 

detk{{In-A){In-B))=detk{In-A)detk{In-B)e''(^>''^^^''^l (4.3) 

Moreover, Tfe(-, •) is unique up to cyclic permutations of its terms, and an explicit formula for Tk 
may be derived from the representation 

2fe-2 

Tk{A,B)=Y,Pm{A,B), (4.4) 

m=k 

where Pm{-, ■), m = 1, . . . ,2k — 2, denote homogeneous polynomials in A and B of degree m {i.e., 
each term of Pm{A, B) contains precisely the total number m of A's and B's) that one obtains after 
rearranging the following expression in powers of t, 

k-l 2k-2 

- {{tA + tB- t^ABy - {tAy - {tBy) = ^ i"Pm(^, -B), t e K. (4.5) 

j=l m=l 

1 4. 4a 1 4. 5a 

In particular, computing Tk{A, B) from (kl.4j and (kl.t)j, and subsequently u^n^^cyclic permutations 
to simplify the resulting expressions, then yields for the terms Ti~{A,B) in (loj 

Ti{A,B)=0, 

T2{A,B)=-AB, 

T3{A, B)=- A^B - AB'^ + ^ABAB, 

T4{A,B) =- A^B - AB^ --ABAB - A^B"^ + A^BAB + AB'^AB --ABABAB, (4.6) 

2 3 

T5(A, B)=~ A'^B - AB"^ - A^B^ - A^B^ - A^BAB - AB^AB + A^BAB + AB^AB 

+ A^B^AB + A^BAB^ + -ABABAB + -A^BA^B + -AB^AB^ 

3 2 2 

- A^BABAB - AB^ABAB + ^AB ABABAB, etc. 
Proof. Suppose temporarily that A,B£ B\{l-L). Then it follows from pS7 Theorem 9.2] that 

det,((7„ - A){In - B)) = detfe(7„ - A)detk{In - B)e*'-(^'=(^'^», (4.7) 

where 



_ fc-i , 

n{A, B)=Y,-.{{A + B- ABy - {Ay - {By), (4.8) 



=1 
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1=2 ^ 



^ j=0 fc=o 



pGN, p>2, (4.12) 



where 



t=o 

1 „ l.„ „ „, „ 1 



_ ^[D,E], F,^-[F2,E-D], F^ = -[[F2,D],E], etc. (4.13) 

That each F^, £ > 2,JSgpdeed at mosj^g,^finite sum of commutators follows from a formula derived 
by Dynkin (cf., e.g., pTcqs. (l)-(4)], ^727cqs. (2.5), (2.6), (3.7), (3.8)]). 

If in addition, D,E € B\{H), the expression for F{t) is actually convergent in the 6i(H)-norm 
for \t\ sufficiently small. Thus, F{t) vanishes after a finite number of cyclic permutations of each of 
its coefficients F„. ,^ 

Next, setting D = ln(/7^ — tA)^ E = ln(/7^ — tB) and taking the natural logarithm in (kl.iij then 
implies 

ln((7„ - tA){lH - tB)) - \n{lH - tA) - \n{lH - tB) = F{t) (4.14) 

and hence 

ln((/« - tA){In -tB))- hi{In - tA) - ln{In - tB) = (4.15) 
after a finite number of cyclic permutations in each of the coefficients Fe in F{t) = J2'^2 t^Fe. Thus, 
by (It.'iUj, each Pm{A, B), m > 1, vanishes after a finite number of cyclic permutations of its terms. 
Consequently, PmiA, B) vanish for m = 1, . . . ,k — 1 after a finite number of cyclic permutations of 
their terms. 

Finally, to remove the assumption A, B G Bi (Ti.) , one uses a standard approximation argi^ment 
of operators in Bk (Ti-) by operators in Bi iTL) , together with the fact that both sides of (k.5j are 
well-defined for ^, B e Sfe (W) . □ 

f iLMzqs 
32jTo arbitrary space dimensions: 



4.9a 



and hence, by (B7 

2fe-2 

Tk{A,B)=Y,P^{A,B). (4.9) 

Since tr(-) is linear and invariant under cyclic permutation of its argument, it remains to show that 
Tk{A, B) in (K3)" and Tk{A, B) in (K^ are equal up to cyclic permutations of their terms, that is, 
to show that Pm{A, B) vanish for m = 1, . . . , A; — 1 after a finite number of cyclic permutations of 
their terms. 

Let Pto(', •)> ™ ^ 1) denote a sequence of polynomials in A and B, obtained after rearranging the 
following expression in powers of t € C, 

ln((/„ - tA){In - tB)) - ln(/« - tA) - \n{lH - tB) 

OO ^ OO 

= ^ - {{tA + tB- t^ABy - {tAy - {tBy) = ^ t"'Pm{A, B) for |i| sufiiciently small. 

j=l m=l 

(4.10) I 4. 10a 

1 4. 5a | 4.103. ~ 

Then it follows from (HTSj and (14.1 u) that Pm{A, B) = Pm{A, B) for m = 1, . . . , A; — 1, and hence, it 

suffices to show that P„i(A, B) vanish for m = 1, . . . , A; — 1 after a finite number of cyclic permutations 
of their terms. The latter fact now follows from the Baker-Campbell-Hausdorff (BCH) formula as 
follows: First, assume D,E G B{H), H. Then, 

^tD^tE ^ ^tD+tE+F{t) for sufficiently small, (4.11) 

where F{t) is given by a norm convergeLcit infinite Syjg of certain repeated commutators involving D 
and E, as discussed, for instance, in |yu] (cf. also {{]). Explicitly, F is of the form 
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Theorem 4.2. Assume HypothesisW^ let k€N, k>p, and z G C\{a{H^) Ua{H^^^) Ua{H^^^)) . 
Then, 

-lN{Hg - zInyW[^D{H^^n-^In)~^]* G 6^(1.2(90; d"-V)) C Bk{L^{dn-r-^a)) (4.16) 

and 



detk{ln + u{H^^-zIn) ^) 
det k (^Iq + u{H^^^ - zin) 



= det k(^l9n- IN {H,"^ -zin) ^V[jD{K,n -^^n) ']* ) exp (tr(Tfc(^))). (4.17) 

Here Tk{z) £ Si(L^(^il; d"~^CT)) denotes one of the cyclic permutations of the polynomial Tk{-, •) 
defined in Lemma k7i with the following choice of A = Ao{z) and B = Bq{z), with Aq{z) and Bq{z) 
given by 



and the functions u, v, u, and v are given by 

uix) = exp(^arg(y(a;)))|y(a;)|l/^ v{x) = \V{x)\^/^, 

u{x) = exp(i a.rg{V{x)))\V{x)\P^P' , v{x) = \V{x) 

with 



Pi 



Hp/2, n = 2, 
[4^/3, n > 3, 



P2 



3p, n = 2, 
4p, n > 3, 



(4.18) 

(4.19) 
(4.20) 

(4.21) 



and V = uv = uv. In particular, 



T2{z)=^N{K,n-zIn) W{HE-zIn) ^v[iD{H^,a-^I^) e B^{L\dn- d^-^ a)) . (4.22) 

Proof. From the outset we note that the left-hand side of (k.'i?) is well-defined by (^732). Let 
z e C\(o-(i?jf )Ucr(iJ^j^)Ucr(iI^f^)) and note that ^ + ^ = ^ for all n > 2, and hence ^ = uv = uv. 
Next, we introduce 

(4.23) 
(4.24) 

(4.25) 
(4.26) 



KD{z) = -u{Hl^^-zIn) \, KN{z) = -u{H^^^-zIa) \ 
(cf. (Br4)) and note that by Theorem 

[In-KD{z)]-' eB{L\n;d"x)), z e C\{a{HE) U a{H^^a)) ■ 

1 14 1 ~ ~ 

Then Lemma kl.l with A — Ao{z) and B = Bo{z) defined by 

Mz) = In - {In - KN{z))[In - Kd{z)]-' = {Kn{z) - KD{z))[In - Kd{z)]-\ 

Bo{z) = Kd{z) = -u{H^^^ - ziny'v, 
yields 



det k (la + M(i/o^o - zlny^v ) ^ jet fc {In - ifjv(^)) 
det k {la + u{H^,,-zIn)~'v) ~ " " ^^)) 

= detk{la - {Kn{z) - Kn{z))[In - Kn{z)]-^) exp {tT{Tk{Mz),Bo{z)))), 



(4.27) 



4.2 



4.3 



4.4 



4.6 



4.5 



4.7 



4.10 



4.10A 



4.12 
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Kn{z)-Kd{z) = u[{H^^^ 



Explicit formulas for the first few Tk are computed 

, Using Lemma 
i;y)), one finds 

(4.28) 



whejegT'fc(-, •) is the polynomial defined in (I 

Next, temporarily sui^g|e that V € Lp{Q.\ dP'x) n (i "^^^_^si ng Lemma l7^3"(an extension 

of a result of Nakamura |bb, Lemma 6]) and Remark lA.'b (cf. (lA.i" 



0,0 



.13, 



,14.10. 



,14^- 



Inscrtm^ (OS) into (S725) and utilizing (B723) and the following resolvent identity which follows 
from (b.ij), 

-1 



one obtains the following equality for ^0(2:), 



Ao{z)^ ^D{H^a-zIn) 



Moreover, insertion of (Ifsl) into (If27) yields 



^^iHR-zIn) V. 



(4.29) 
(4.30) 



detkiln+u 



«,,-z/o)-^) 



det 



zIq) ^v^ 



= det k(ln-[ ID {H^^n - ^In) V] *7;v {H^^n - ^In) ^ [in + u{H^^^ - zin) \] (4.31) 



xexp{tv{Tk{Ao{z),Bo{z)))). 
Utilizing Corollary Lb with pi and P2 as in (Ml) , one finds 



loiK^n - ^In) u e Bp, {L\n; crx),L\dn; d"-V)), 



and hence, 



(4.32) 
(4.33) 

(4.34) 



lN{H^^a-zI^) ^v[lD{H^^n-^In) ^u] € Bp{L\dn;r-^a)) C Bk{L\dn;r-^a)) . (4.35) 
Then, using the fact that 

(4.36) 



one 



In+u{H^^^-zIn) 'v] e B{L\n;d^x)), z GC\{a{HE) U<T{H^^a)), 
applies the idea expressed in formula (kfT) and rearranges the terms in (fesT) as follows: 



det 



zIn) V 



det h {Iq. + u{H/^q - zIq) 

— 1 r — 1 I ~^ I — 1 1 *"\ 

Ido. - 1n{H^q - zIn) V In+ u[H^^^ - zIq) v 1d{H^^^ - zIq) u j 

xexp(tr(Tfe(Io,-Bo))). 



(4.37) 



4.13 



4.13a 



4.4A 



4.14 



4.20 
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Similarly, using the cyclicity property of tr(-), one rearranges Tk{At){z), Bo{z)) to get an operator 
on L'^{dCl;(F'~^a) which in the following we denote by Tk{z). This is always possible since each 
tcrgj of Tk(^AQ{z), Bq{z)^ has at least one factor of Aq{z). Then using equalities (i.'tS), (i.'zbj, 
(k.^u), and uv = uv, one concludes that Tif;{z) is a cyclic permutation of Ti^{Ao, Bq) with Ao{z) and 
^0(2;) given by (ifT8). In particular, rearranging T2[Ao{z), Bo{z)) = —Ao{z)Bo{z) or equivalently 
T2{Ao{z)^{z)) = -J^)Bo{z), one obtains T2{z) = -Bo{z)Ao{z) = -Bo{z)Ao{z), and hence 
equality ^1^2). T|ii^g, (BtT?), subject to the extra assumption V € LP{n; dJ^x) n L°° (fi; <Px), follows 
from (fclt and (fc37). fcB^ 024 fc2^ 

Finally, assuming only V G LP{p.; dP'x) and utilizing Theorem lb. 3, Lemma Iz.ci, and Corollary [ 
once again, one obtains 

-1 



In + u{H^^^-zIn) & B{L^ {^^ r x)) , 

v{H^^^ - zla) -"^"^ e Bp, (i^ (fi; d"ar)) , 

loiH^^n ~ zln)~^u G Bp, {L''{n-(Px),L^{d^;dJ'-^a)), 

lN{K^^-zIny'veBp,{L\n;rx),L\dn;r-'a)), 



and thus, 



1 4. 24 1 4.29 ^ ' / y\ / \ / 

Relations (I08)-(I03) together with the following resolvent identity that follows from (lb. 5), 



1 -1 



1.2 



1.4 



14.5 



(4.38) 
(4.39) 
(4.40) 
(4.41) 

(4.42) 

(4.43) 
(4.44) 



R|0^e the Bfe-property (tetT6), (ffitTS), and (14722), and hencCj^tlie ^^^^^^'^■^^8 right-hand sides of 
(STT?) are wcU-dcfincd for V G LP{n;d"x). Thus, using (O), (I2f20), (bt27), the continuity of 
detfe(-) with respect to the ;Bfc-norm || • |L <' \'\' ^^'^ continuity of tr(-) with respect to the 

trace norm || • |L ( ^rn n \V ^^'^ approximation of y G LP{Q; d^x) by a sequence of potentials 



'ei(L2(n;(i"a;) 

Vj G LP{n- d"a;) n L°°(fi; d"x), 3 G N, in the norm of LP{VL; d"x) as j t 00, then extends the result 
from V G LP{n; d^x) D L°°{Q; rf"a;) to F G Lp{Q; rf"a;). □ 

Given these prepap^ions, we are ready for the principal result of this paper, the multi-dimensional 
analog of Theorem \l.'2: 

Theorem 4.3. Assume HypothesisW^ let kGN,k>p, and z G C\{a{Hi^) Ua{H^Q) Ua{H^Q)) . 

Then, 



MS{z)Ml^^^{z)-^-Iea = -1n{HE - zin) V [7^ K'^n - ^^n) '] & Bk{L\dn- d^-^ a)) (4.45) 
and 



detfc(/a + «(i?o^j^ 



det k (jn + u{H^Q - zIq) ^v^ 



detk{lan-lN{Hg-zIn) \[-iD{H^^a-zIn) ']* ) exp (tr(Tfc(^))) (4.46) 

(4.47) 



= deik{ME{z)M^^^{z)-^) exp {iv{Tk{z))) 
with Tk{z) defined in Theorem It 



4.24 



4.25 



4.26 



4.27 



4.28 



4.29 



4.29a 



4 


30 




4 


31 
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1 13 ■ 5 |t4,l 

Proof. The resuh foUows from combining Lemma b.b and Theorem I 



□ 



Remark 4.4. Assume Hypothesis W^let k e N, k > p, and z e C\{a{H^) U a{H^,;^) U a{H^^^)) . 
Then, 



M^^^{z)-'M^ (z) - Ian = lN{H^,n " ^^n) " V 



tN 



14.30 



(4.48) 



and one can also prove the following analog of (l4.4b): 

det ,, (iv. + (/(//,f<, - -/o)-i( 

det fe {la + u{H^^^ - zln)-h 

= detk[lan+lNiK,n " zIn)-^V[jD{{H,^ - zln)-^)*]*) exp (tr(Tfe(z))), (4.49) 

= detfc(M^o(^)"'^n (z)) exp (tr(Tfe(z))) (4.50) 

w^^re Tk{z) denotes one of the cyclic permutations of the polynomial Ti.{A,B) defined in Lemma 
HTPwith the following choice of A = Ai{z) and B = Bi{z), 



Ai{z) = - jD{H^-zh 



Bi{z) = ~u{H^,^ - zIny^veBp{L^{n;d"x)) C Sfe(L2(17;d"x)), 
and the functions u, v, u, and v are given by 

u{x) = exp(iarg(y(a;)))|t/(x)|i/2^ v{x) = {Vix)]^'"^, 
u{x) = exp{iSiig{V{x)))\V{x)f^P\ vix) = \V{x)\p/p'' 

with 

i3p/2, n = 2, 
[4p/3, n > 3, 



Pi = 

and V = uv = uv. In particular, 



P2 = 




(4.51) 
(4.52) 

(4.53) 



T2iz) = -jN{H^^,,-zIn) V(iJ, 



(4.54) 



i^yi^^jtract version of Theorem H.3 using 
22], Ipy, Ch. 3] and the references therein)., 



s2 



Remark 4.5. It seems tempting at this point 
the notion of boundary value spaces (see, e.g., pjTf^T 

However, the analogs of the necessary mapping and trace ideal properties as recorded in Sections L 
and Bclo not seem to be available at the present time for general self-adjoint extensions of a densely 
defined; closed symmetric operator (respectively, maximal accretive extensions of closed accretive 
operators) in a separable complex Hilbert space. For this reason we decided to start with the special, 
but important case of multi-dimensional Schrodinger operators. 

A few comments are in order at this point: „ ^„ „ „ ^„ 

4-30 4.31 ^.32 

The sudden appearance of the exponential term exp(tr(Tfe(2;))) in (STIB), (E47), and (K38), when 
compared to the one-dimensional caie^ is due to the necessary use of the modified determinant 



detft(-), fc > 2, in Theorems S72~and Kt737 



1.30, 



11.16. 



As mentioned in the introduction, the multi-dimensional ^|Ji5fi5^^^ (K35) of (ll.lti), under the 



stronger Irajgthesis V G L {Q; d^x), n = 2,,A^,jJjgt appeared in \[6'Z\. However, the present results in 

inp^ 



Theorem h.'6 go decidedly beyond those 

(i) the class of domains Q, permitted by Hypothesis BtTIs substantiallly expanded as compared to 



m the ^D^owing sense: 



VARIATIONS ON A THEME OF JOST AND PAIS 



25 



2, 3, all results in this paper are now 



(a) For n — 2,3, the conditions on V satM^ing Hypothesis & .b a-g^^QOw nearly optimal b^^omparison 
with the Sobolev inequality (cf. CheneYjlTO|^ Ree|i^d Simon l[7S7Sect. IX. 4], Simon |M7Sect. I.l]). 
(in) The multi-dimensional extension (0.47) of (ll.'iY) invoking Dirichlet-to-Neumann maps is a new 
(and the most significantljij^j^t in this paper. 
{iv) While the results in were confined to dimensions n 
derived in the general case n € N, n > 2. ^ 

The principal reduction in Theorem n.'i reduces (a ratio of) Ji^^dified Fredholm determinants 
associated with operators in d"x) on the left-hand side of (l4.'4t)) to modr|e^Fredholm deter- 

min|rg;^ associated with operators in L^{dVl; d"-^^a) on the right-hand side of (k.'4t)) and especially, 
in (k^|Y^. This is the analog of the reduction described in the one-dimensional context of Theo- 
rem IIT27 where VI corresponds to the half-line (0,oo) and its boundary dVt thus corresponds to the 
one-point set {0}. 

In the context of elliptic operators on smooth fc-dimensional manifolds, the idea of reducing a 
ratio of zeta-function regulari;z|d determinants to a calculation over the k — 1-dimensional boundary 
has been studied by Forman He also pointed out that if the manifold consists of an interval, the 
special case of a pair of boundary points then permits one to reduce the zeta-function regularized 
determinant to the determinant of a finite-dimensional matrix. The latter case is of course an 
apa|log oLthc one-dimensional Jost and Pais formula mentioned in the introduction (cf. Theorems 
ll.i and \L'Z). Since then, this topic has been further 
i^^instance, to Burghelea, Fried^gnder, andj^ppeler 



^j^Guillarmou and Guillope 
and the references therein. 



Miiller 



TZ 

Okikiolu 




directions^and we refer, 

.a02 



Carron I 



Friedlac 



Park and Wojciechowski 



TO", 

Combining Theorems ^.'6 and Ib.ij yields the following applications of (it 

t4.6 I Theorem 4.6. Assume Hypothesis Li.tj and fc e N, k >p. 

{i)One infers that 

for all z e C\{a{HE)Ua{H^^a) ^<^{Kn)), one has z e (7{H^) 



5) and (Efe): 



if and only if det k (jdn - 7jv [H^ - zIq) V [7^ [H^^q - zIq) ^ 
{ii) Similarly, one infers that 

for all z G C\{a{Hf[) U a{H^^n) U cT{H^^n)), one has z G a{HE) 

if and only if det k ( Ian 



0. 



(4.55) 



Proof. By the Birman Schwinger principle, as discussed in Theorem 



zin) 

|tB.3 



fc > p and ^ G C\{a{HE) U cr(i?,fj2) U cr(i?,u2)) one has 



= 0. 

for any k G . 



(4.56) 



such that 



4.49 



4.50 



Thus, (It^) follows from (I 



z G cr(-ffn^) if and only if det k 

14.30 



zln) 



0. 



). In the same manner, (^755) follows from (^749). 



(4.57) 
□ 



h4.7 



We conclude with another application to eigenvalue counting functions in the case where and 
are self-adjoint and have purely discrete spectra (i.e., empty essential spectra). To set the stage 
we introduce the following assumptions: 

Hypothesis 4.7. In addition to assuming Hypothesis S.B suppose that V is real-valued and that Hq 
and have purely discrete spectra. 
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r4.8 I Remark 4.8. ,„ ,, 

IB . 1 1 



{i) Rcal-valucdness of V implies self-adjointness of and Hq as noted in ([B.ll). 
(m) Since dfl is assumed to be|^c^q,:gipact, purely discrete spectra of H^^^ ^-nd -ff(ffj, that is, com- 



/ 61x1 

pactncss of their resolvents (cf. I[»U, Sect. XIII. 14]), is equivalent to fl being bounded. Indeed, if fl 
had an unbounded component, then one can construct Wcyl sequences which would yield nonempty 
essential spectra of H^^^ ^-^id ^on- other hand, i^jf^ i^^g empty essential spectrum for 

any bounded open set C R" as discussed in the Corollary to ^07 Theorem XIII. 73]. Similarly, 
Hq q has empty essential spectrum for any bounded open set Cl satisfying the segment property as 
discussed in Corollary 1 ^c^lsu. Theorem XIII. 75]. Since any bounded Lipschitz domain s^ti|Sfies the 
segment property (cf. |507Sect, 1.2.2]), any bounded domain f2 satisfying Hypothesis ETPyields a 
purely discrete spectrum of H^ q. 

{in) We recall that V is relatively form compact with respect to Hq'q and H^q, that is, 

v{H^^a - zln)~'^\ v{H^^a - zln)~'^^ € B^{L\n-<Px)) (4.58) 
for all z in the resolvent sets of HPa^ respectively, Hno (in fact, much more is true as recorded 

1 2731 1 2.32 ^ •" ^ | 3.47k 3.48a 

in (BT25) and (IZT23) since Boc can be replaced by B2p)- By (b.YU) and (b.Y ij this yields that the 
difference of the resolvents of and is compact (in fact, it even lies in Bp{L'^{U,] (Px))). By 
a variant of Weyl's theorem (cf., e.g., ^07 Theorem XIII. 14]), oiigg^gncludes that Hq and have 
empty essential spectrum if and only if H^^^ and H^^-^ have (cf. fsu, Problem 39, p. 369]). Thus, by 
p|Lr^ (ii) of this remark, the assumption that Hq and Hq have purely discrete spectra in Hypothesis 
l^can equivalently be replaced by the assumption that fl is bounded (still assuming Hypothesis 
2.b and that V is real- valued). 

Assuming Hypothesis ^777 A; G N, k > p, we introduce (cf. also |l02]) 

^fe(A) = K"'lni(ln(detfc(/a+M(ffo,o-A/n)-iv))), A e (eo, w)\(a(i/o) U a(i/o,o)), ^^^^^ 
\o, A < eo, 

where 

eo = ini{a{Hn),a{Ho,n)), (4.60) 
and Hq and Hq^q temporarily abbreviate Hq and H^q in the case of Dirichlet boundary conditions 
on dfl and Hq and H^q in the case of Neumann boundary conditions on d^l. Moreover, we 
subsequently agree to write ^fe'(-) and ^^i-) for ^(•) in the case of Dirichlet and Neumann boundary 
conditions in Hq,Ho,q. 

The branch of the logarithm in (k.'tJy) has been fixed by putting ^fe(A) = for A in a neighborhood 
of — oo. This is possible since 

lim det k (in + u{Ho,n - Mny^v) = 1. (4.61) 

AX — oo \ / 

1 4.58 . 1 12 3 . 

Equation (kt.t)l) in turn follows from Lemma U.'6 since 



lim 

AJ.— oo 



4.58 



u{Ho,a - XIn)-^v = (4.62) 

by applying the dominated convergence theorem to ||(|-p — A)~-^/^||^2p(R,..^„j.) as A | — oo in ^ZIJ) 
(replacing p by 2p, q by 1/2, / by u and v, etc.). Since iJo.n is self-adjoint in L^(fi;d"x) with purely 
discrete spectrum, for any Ao G M, we obtain the norm convergent expansion 

oo 

{Ho,n-zIn)-' = Po,a,Ao(Ao - ^)-' + E(-l)'^o%o(^o - ^)'' (4-63) ^ 
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where Po,a,Ao denotes the Riesz projection associated with i/o,o and the point Ao, and So.o.Ao is 
given by 

5o,n,Ao = lim (ifo,n - ^/n)-'(/n - Po,n,Ao), (4-64) 

with the Hmit taken in the topology of Hence, So,n,XoPa,n,\o = -Po,n,Ao'S'o,n,Ao = 0. 

If, in fact, Ao is a (necessarily discrete) eigenvalue of Ho.n, then Po,si,Ao is the projection onto 
the corresponding eigenspace of Ho,n and the dimension of its range equals the multiplicity of the 
eigenvalue Aq, denoted by 

no,Ao = dim(ran(Po,n,Ao))- (4-65) 
We recall that all eigenvalues of Hq q are semisimplc, that is, their geometric and algebraic multi- 
plicities coincide, since -ffo,n is assumed to be self-adjoint. If Aq is not in the spectrum of Hq^q then, 
of course, Po,n,Ao = ^^id no,Ao = 0- exactly, the same manner, and in obvious notation, one 
then also obtains 



{Hn - zin)-' ^ Pn,Ao(Ao - z)-' + E(-1)'Cao(^o - (4.66) ^ 

and 



+Ao 

fe=0 



riAo = dim(ran(Po,Aj). (4.67) 
In the following we denote half-sided limits by 

f{x+) = limf(x + e), /(x_) = lim/(x-£), x€R. (4.68) 

Moreover, we denote by Nh^{X) (respectively, NHg^^{X)), A e M, the right-continuous function on R 
which counts the number of eigenvalues of Hq (respectively, i?o,n) less than or equal to A, counting 
multiplicities. 

I 1 |h4.7 

14.8 I Lemma 4.9. Assume Hypothesis kt.Y and let k G N, k > p. Then equals a fixed integer on any 
open interval in M\(ij(/Jn) U a{Ho,n))- Moreover, for any A e M, 

a(A+)-efc(A_) = -(nA-no,A), (4.69) |4.69 

and hence ^fe is piecewise integer-valued on R and normalized to vanish on (— oo, eo) such that 

a(A) = -[7VH„(A)-iVHo,„(A)], XeR\{a{Hn)iJa{Ho,n)). (4.70) 

Proof. Introducing the unitary operator S in L^(f2; d"x) of multipUcation by the function sgn(y), 

{Sf){x)=sgn{V{x))f{x), f GL''{n;d^x) (4.71) [ZTT 

such that Su = uS = v, Sv = vS = u, S"^ = In, one computes for A G M\(T(iIo,n), 



det fe (in + u{Ho,n - XIn) ^v^ = det k (in + v{Ho^n - XIn) ^ 

= det k [in + S2i{Ha,n-XIn)-'vS^^ 
= det k (in + u{Ho,n - XIn)-^v ) , (4.72) |4.72 

that is, detfc (in + u{IIo,n - XIn) is real-valued for A e M.\a{IIo^n)- (Here the bars either 

denote complex conjugation, or the operator closure, depending on the contexj^ i^ which they are 
used.) Together with the Birman-Schwinger principle as expressed in Theorem IhT.ii, this proves that 
^k equals a fixed integer on any open interval in R\{a{IIn) U a{IIo,n))- 
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Next, we note that for z e C\((7(iJo) U cr(iJo,o)), 
d 



- — ln(detfc(/a + w(ifo,Q - zl^) ^)) = ti[{Ha - zlaY^ - (i?o,a - zI^Y^ 

fc-i X (4-73) 1 4.73 



£=1 



| Ya07 1 4 .63 1 4. 66 

which^r^grcscnts just a slight extension of the result recorded in l[TD2]. Insertion of (kl.ticj) and (l4.bb) 
into (H~73) then yields that for any Aq S M, 

-— ln(detfe(/n+u(ifo,n-^/n)-^u)) ^ tr (Pa,A„ - Po,n,Ao)(Ao - ^)"^ + X] ^^(-^o - 



oo 



= [nAo-no,Ao](Ao--2) ^+ V q(Ao-2;)^ (4.74) |4.74 

»Ao ■'^^ 

where 

Q e M, £ e Z, £ > fc, and c_i = 0. (4.75) |4.75 

That Q G IR is clear from the real-valuedness of V and^the self-adjointness of ffn and -ffo.fi by 
expanding the [I — l)th power of uiH^fl — zln)~^v in (^773). To demonstrate that c_i actually 
v^i)Lj|hes, that is, that the term proportional to (Aq — z)~^ cancels in the sum Xl^-/c '^^(•^o — zY in 
(S775), wo temporarily introduce Um = PmU, Vm = vPm, where {Pm}meN is a family of orthogonal 
projections in L'^{^l;d"x) satisfying 

P^ = Prr, = P^, dim(ran(P„)) = m, ran(P„) C dom(t;), m e N, s-limP„ = /Q, (4.76) 

mfoo 

where s-lim denotes the limit in the strong operator topology. (E.g., it suffices to choose P^ as 
appropriate spectral projections associated with i?o,a-) In addition, we introduce Vm = VmUm and 
the operator Hn^m in i^(f2; d^x) by replacing V by Vm in Hq. Since 

Vm = {vPm)Pm{uPmT, (4.77) 

one obtains that Vm is a trace class (in fact, finite rank) operator, that is, 

y„ G Bi (1.2(0; rf"x)), meN. (4.78) [4?77" 
Moreover, since by (1^28) and (1^), 

u{Ha,a - zIn)-^/\ {Ho,n - zIn)-^/^v e B2p(i'(fi;rf"a;)), ^ e C\a(ifo,n), (4.79) 



one concludes that Pm'u{Ho^Q — zlQ)~^vPm = PmuiHo,n — zlQ)~'''vPm, m G N, satisfies 



hm ||P„u(ifo,n-2;/n)-it;Pm-«(-ffo,n--2-fn) ^w||g^(i2(s:i.d„^)) =0, zGC\a{Ho^Q), (4.80) |4.78 



]im^\\Rrau{Ho,n- zIn)-'^vPm-u{Ho^n- zin) "^vll^^^^^^^,^^^^ zGC\a{Ho,n). (4.81) |4.79 

Applying the formula (cf. IfiUi, p. 44]) 

^ln(detfe(7„ - A{z)) = -tr((7„ - A{z))-' Aiz^-' A' {z)) , zgV, (4.82) 

where A{-) is analytic in some open domain 2? C C with respect to the Bfc(W)-norm, H a separable 
complex Hilbcrt space, one obtains for z e C\(CT(i?a) U cr(i?o,n)), 



^ln(detfe(7n + w(^fo,n - zln)-^v^^ 
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= {-l)hv(^[la + u{Ho,n-zIn)-^v] [u{Ho,a - zla)-^v] u{Ho,n - zlny^v^ (4.83) 



= (-1) 



In + Pmu{Ho,n - zIn)-^vPm PmuiHo,n - zIn)-^vP„ 



k-l 



(4.84) 



X Pmu{Ho^n - zIn)-^vPm j, m e N. 

„ ,1 4.78 n-J9 . ,1 4.81 1 4.82 

Combining equations (|4.SU), (kt.Si) and (KE3), (kt.84) then yields 

lim ^ln(^dctfc^/n + Pmu{Ho^n - zIn)~^vPm^^ = ^ln^detfc(^/n + u{Ho,n - zlny^v 



2eC\(a(i?a)Ua(ifo,n)). (4.85) 



L83, 



,14.74 



I^ec^use of (kETSS), to prove that c_i = in (K74) (as claimed in (kl.it))), it suffices to replace^ l:^^in 
(B773) by Vm and prove that Cm,-i = for all m € N in the following equation analogous to (HT73), 



- ^\n(^detk(ln + Pmu{Ho,n - zlny^vPm^^ 

oo 

tr(Pa,„,Ao - -Po,a,Ao)('^o - -z)"^ + ^ CmA^o - zf, m G N, 



(4.86) 



£=-fe 



where 

Cjn,i e M, i&I.,i>k, m e N, (4.87) 

and Pn.mM denotes the corresponding Riesz projection associated with Ha^rn (obtained by replacing 
V by Vm in Hq) and the point Aq. ^^^^ y^gy 



Applying the analog of formula (5773) to i?n,m (cf. again iflTO]), and noting that Pm has rank 
m G N, one concludes that for z G C\(cr(ifn) U (T(iIo,n))) 

- -^ln(^detfe(^7n +P„w(iIo,n - -2-fn)~^^^fm)) = ~^^'^('^*^* '^(^^^ + -Pmw(-ffo,n - 2:/n)-iuPm)) 
= tr(^(i?o,m - zln)-^ - {Ho,n - zln)'^ 

- ^(-l)'(iJo,n - zIn)-^vPm [Pmu{HQ,n - zIn)-^vPj^^ ^ Pmu{Ho,n - zin) 
1=1 

= tr((ffn,m - 2/n)"' - (i?o,a - ^/n)"') - J] - 



dz 



Pmu{Ho,n - zin) ^vP„, 



(4.88) 



tr((ffn,„ - zln)-^ - {Ho,n - zla)'^) 



k-l 



+ 5^(-l)V Pmu{Ho,n - zIn)-^vPm Pmu{Ho,n-zIn)-^vPm), mGN. 



Here we have used the fact that by (kETTS) 
d 



- ^ln(det [in + Pmu{Ho,n - zIn)-^vPm)) = tv{{Hn,m - zln)'^ - {Ho,n - zln)'^), (4.89) 
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for z G C\{a{Ha) U cr(ifo,a)), and that (cf. pSTTheorem 9.2]) 

fc— 1 

^ln(det,(7„ - B{,z))) = ^ln(det(7„ - B{z))) + J2 

t\ (4.90) 

= |-ln(det(7„ - B{z))) + J2 tr{B{zY-'B'{z)) , z&V, 

1=1 

where B{-) is analytic in some open domain D C C with respect to the Si(7i)-norm (with Ji a 
separable complex Hilbert space). gg 

'^c presence of tli|; ^ dz-term under the sum in (H~§S) proves that the only (Ao — z)^^-tcrm in 
(k.'»t>), respectively, (H~S8), as z ^ Aq, must originate from the trace of the resolvent difference 

iv{{Ha,m-zIn)-^-{Ho,n-zIa)-^) = tr(Po,„,Ao -Po,o,Ao)(Ao - 2)"' + 0(1), m e N. (4.91) 

2— >Ao 

Thus we have proved that 

c„,_i =0, men, (4.92) 

1 4.84 1 4.83 

in (STSB). By (HTS5) this finally proves 

c_i = (4.93) 

P 1 4.74 1 4.75 1 4.69 

). Equations (ttj^^and (1775) then prove (il.by). Together with the paragraph following 

(ff772), this also proves (rro). □ 

Given Lemma I07 Theorem iT3~yields the following application to differences of Dirichlet and 
Neumann eigenvalue counting functions: 

t4.9 I Theorem 4.10. Assume Hypothesis ^T'and let k G N, k > p. Then, for all A e R\{a{H^) U 
a(i7o^^)Ua(i7o^a)), 



= 7r-ilm(ln(dctfc (/gn - 7Jv(77s? - A7a) V[7B(77o^n - A7n) * ))) + 7r-ilm(tr(Tfe(A))) 
= 7r-ilm(ln(detfe(Ms?(A)Mo^n(A)-'))) + 7r-ilm(tr(Tfe(A))) (4.94) 
with Th defined in Theorem ^TTT 

Proof. This is now an immediate consequence of (^.'4b), (fcl7), (^759), and (ifTD). □ 

Appendix A. Properties of Dirichlet and Neumann Laplacians 

The purpose of this appendix is to recall some basic operator domain prop^r|;ies of Dirichlet and 
Neumann Laplacians on sCi^jOq^ R", n G N, n > 2, satisfying Hypothesis ETT7 We will show that 
the methods developed in \6'j!\ m thg^ context of C^'''-domains, 1/2 < r < 1, in fact, apply to all 
domains Q permitted in Hypothesis ETT7 

In this manuscript we use the following notation for the standard Sobolev Hilbert spaces (s G M), 

77^(M") = |c/ G S{Wr I ||C/fH,(^n) = rf"^ |C/(0|'(1 + < ooj , (A.1) 

77^(0) = {u G Co°°(0)* \u = U\n for some U G 77^(]R")} , (A.2) 
77^(0) = the closure of C^(0) in the norm of H\Q.). (A.3) 
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Here C§°{fl)* denotes the usual set of distributions on O C M", Q open and nonempty, 5(R")* is 
the space of tempered distributions on M", and U denotes the Fourier transform of U € <S(]R")*. It 
is then immediate that 



^ H'»{n) for - oo < So < Si < +00, 



(A.4) 



continuously and densely. 

Next, we recall the definition of a C^''"-domain fl C M", CI open and nonempty, for convenience 
of the reader: Let TV be a space of real- valued functions in K""-'^. One calls a bounded domain 
n C of class Af if there exists a finite open covering {Oj}i<j<jv of the boundary dCl of f2 with 
the property that, for every j G {1, A^}, OjCifl coincides with the portion of Oj lying in the over- 
graph of a function ipj € Af (considered in a new system of coordinates obtained from the original 
one via a rigid motion). Two special cases are going to play a particularly important role in the 
sequel. First, if Af is Lip(]R"^^), the space of real-valued functions satisfgnig a (global) Lipschitz 
condition in R"""'^, wc shall refer to fl as being a Lipschitz domain; cf. [sy, p. 189], where such 
domains are called "minimally smooth" . Second, corresponding to the case when M is the subspace 
of Lip (R"~^) consisting of functions whose first-order derivatives satisfy a (global) Holder condition 
of order r € (0, 1), wc shall say that il is of class C^'"^ . The classical theorem of Radcmacher of 
almost everywhere differentiability of Lipschitz functions ensures that, for any Lipschitz domain f2, 
the surface measure dP'~^a is well-defined on dO. and that there exists an outward pointing normal 
vector V at almost every point of dCl. For a Lipschitz domain f2 C M" it is known that 



{H\Cl)Y = E-'{Cl), -l/2<s<l/2. 



(A.5) 



See l[y»] for this and other related properties. 

Next, assume that CI C M" is the domain lying above the graph of a function (^9 : R"^^ ^ R of class 
C^'''. Then for < s < 1+r, the Sobolev space H^[dC\) consists of functions / e L'^{dCl: (F'^^a) such 
that f{x', (p{x')), as a function of x' G R"~^, belongs to _ff^(R"~^). This definition is easily adapted 
to the case when 51 is a domain of class C^''^ whose boundary is compact, by using a smooth partition 
of unity Finally, for -1 - r < s < 0, we set i^^ l-^mlSmE.L^ ^^) * " ad di^^ nal bac kg^g und 
infrmji^tion in this context we refer, for instance, to l[5l,|4|, |zb, Chs. V, VI], p07Ch. 1], |577Ch. 
3], frUD, Sect. 1.4.2]. 

To see that H^{dCl) embeds compactly into L'^{dCl;cr'~^a) one can argue as follows: Given a 
Lipschitz domain CI in R", we recall that the Sobolev space H^{dCt) is defined as the collection of 
functions in L^{dCt; d"^^a) with the property that the norm of their tangential gradient belongs to 
L^{dCt; d"~^a). It is essentially well-known that an equivalent characterization is that / e H^{dCl) 
if and only if the assignment R"-i 3 x' ^ {iljf){x',(p{x')) is in /fi(R"-i) whenever G C§°{W) 
and (fi : R"~^ — > R is a Lipschitz function with the propery that if S is an appropriate rotation and 
translation of {(a:', <f{x')) GJE? | x' G R"~^}, then supp D dCl C S. This appears to be folklore, 
but a proof will appear in l[0U7 Proposition 2.4]. 

From the latter characterization of (dCl) it follows that any property of Sobolev spaces (of order 
1) defined in Euclidean domains, which are invariant under multiplication by smooth, compactly 
supported functions as well as composition by bi-Lipschitz difi^eomorphisms, readily extends to the 
setting of H^{dCl) (via localization and pull-back). As a concrete example, for each Lipschitz domain 
Cl with compact boundary, one has 

i?^(aQ) -^i2(aO;d"-V) compactly. (A.6) 

Going a bit further, we say that a domain Cl C R" satisfies a uniform exterior ball eondition 
(abbreviated by UEBC), if there exists R > with the following property: For each x G dCl, there 
exists y = y{x) G R" such that 

B{y,R)\{x} C W\Cl and x G dB{y, R). (A.7) 



incl-xxx 



dual -XXX 



EQl 



UEBC 
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We recall that any C^'^-domain (i.e., the first-order partial derivatives of the functions defining the 
boundary are Lipschitz) satisfies a UEBC. 

Assuming Hypothesis wc introduce the Dirichlet and Neumann Laplacians -ffffo and H^q 
associated with the domain fl as the unique self-adjoint operators on i^(f2;d"x) whose quadratic 
form equals q{f, g) = dJ^x V/ • Wg with (form) domains given by IIq{Q.) and H^{Q), respectively. 
Then, 

Aom[HQ Q) = {u e -ffo(O) I there exists / e i^(r^; cTx) such that 

q{u,v) = (/,u)L2(0;d"2;) for aU v G i?o(^)}> (A.8) 

dom(5^f^) ={ue H^{n) I there exists / G L'^iQ; (Tx) such that 

q(u,v) = {f,v)L2(n,d^^) for all v&H\n)], (A.9) 

with (•, •)z,2(Q;d"x) denoting the scalar product in L^(n; dJ^x). Equivalently, we introduce the densely 
defined closed linear operators 

£> = V, dom(£)) = Hl{Vi) and TV = V, dom(7V) = H^{n) (A.IO) 

from L'^{9.; (Px) to L'^{9.; rf"a;)" and note that 

H^^a = D*D and H^^^ = N*N. (A.ll) 

| RS78 

For details we refer to |8U, Sects. XIII. 14, XIII. 15]. Moreover, with div denoting the divergence 
operator, 

dom(£)*) = {wG L'^{n;d''xr\diY{w) G L"^ [n; d" x)} , (A.12) 

and hence, 

dom(#^j^) ={u€ dom{D) \ Du G dom(£)*)} 

= {u G i?o(0) I Au G L^(0;d"a;)}. (A.13) | domHD 

One can also define the following bounded linear map 

Uw G L\n;d-xr I dW{w) G {H\n))*] - ff-V2(90) = (//V2(an))* 

1 t« • W ^ 

by setting 

{vw,(j))= I d"a;w(x) • V$(x) (div(ii;) , $) (A.15) | A.lla 

whe^e\rer cj) G H^^^{di}) and $ G -ff^(O) is such that = <t>- Here the pairing (div(?i') , $) 

in (lA.ib) is the natural one between functionals in (iJ^(r2))* and elements in H^{Vl) (which, in 
turn, is compatible with the (bilinear) distributional pairing) . It should be remarked that the above 
definition is independent of the particular extension $ G H^(p) of (j). Indeed, by linearity this comes 
down to proving that 

(div(w) ,$) = -/ d''xw{x) ■ V$(a;) (A.16) [ibj 



Jn 

if w G L'^{n; d"a;)" has div(u;) G {H^Q))* and $ G H^{n) has = 0. To see this we rely on the 
existence of a sequence $j G Cq°(0) such that $j ^ $ in if^(O). When Q is a bounded Lipschitz 

IJK95 iToo 

domain, this is well-known (see, e.g., Ip§7 Remark 2.7] for a rather general result of this nature), and 

this result is easily extended to the case when fl is an unbounded Lipschitz domain with a compact 
boundary. Indeed, if ^ G C§°{B{0; 2)) is such that ^ = 1 on B{0; 1) and ^j{x) = C(x/j), j G N (here 
-B(a;o;ro) denotes the ball in M" centered at xo G M" of radius ro > 0), then ^ $ in H^{Q,) 

jToo 

and matters are reduced to approximating in H^{B{0;2j) ("1 O) with test functions supported 
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in -8(0; 2j) fl SI, for each fixed j € N. Since 7_d(^j$) — 0, the result for bounded Lipschitz domains 
apphes. 



Returning to the task of proving (KTi6), it suffices to prove a similar identity with $j in place of 
This, in turn, follows from the definition of div(-) in the sense of distributions and the fact that 
the duality between (il^(O)) and H^{fl) is compatible with the duality between distributions and 
test functions. 

Going further, one can introduce a (weak) Neumann trace operator as follows: 

jN- {u€ H^{n)\Aue (H^n))*} ^ H-^/^{dn), ^nu^v-Vu, (A.17) [kA& 

l A 11 

with the dot product jiij^erstood in the sense of (HTH). We emphasize that the wea^ Neumann 
trace operator -yjv in (K.iV) is a bounded extension of the operator 7jv introduced in (273). Indeed, 

to see that dom(7jv) C dom(7jv), we note that if u_G _ff'*+^(Sl) for some 1/2 < s < 3/2, then 

t , /I \* / I \A |d.u.ci.X~xxx lincl xxx 

Au G H-^+'{Vl) = ( ^^^ (^)) ■-^ {^M}) ' (lA.b) and (Ia.4). With this in hand, it is then easy 
to show that 7jv in (lA.iy) and 7jv in (573) agree (on the smaller domain), as claimed. 
We now return to the mainstream discussion. Prom the above preamble it follows that 

dom(Ar*) = {to e L'^{Q.\ rf"a;)" | div(«;) e (Px) B.ndvw = Q], (A.18) 

where the dot product operation is understood in the sense of (K7T1). Consequently, with Hqq = 
N*N, we have 

dom(Ho^f^) = {m G dom(7V) | Nu G dom(iV*)} 

= {u€H^{n)\AueL^{n;(rx) &nd^NU = 0}. (A.19) | domHM 

Next, we intend to rcci^ll^that H^j^= H^q and H^q = H^q, where and H^^^^ denote the 
operators introduced in and (ET^), respectively. For this purpose one can argue as follows: 

Since it follows from the first Green's formula (cf., e.g., 1^77 Theorem 4.4]) that -f^o^Q C Hq q and 
Hq^q C i?QQ, it remains to show that HP^ 3 HPq and Hq'q D Hq^q. Moreover, it follows from 

' ' 12 . 4 I dornHp 1 2 . 5 ' I domHy ' ' ' / ~ n \ 

comparing (O') with (RTCT) and (Uly) with (lA.iy), that one needs only to show that dom[HQQ), 
dom(i7(^j2) C H^(fl). This is the content of the next lemma. 

lA.l I Lemma A.l. Assume Hypothesis B7T7 Then, 

dom{H^^) c H'^ifl), dom(^o^f^) c H'^{n). (A.20) [bsm 

Moreover, 

Kn = Ho,n, Ka = Kn- (A.21) ^ 

I IA.I I GLMZOS 

For C '''-domains SI, 1/2 < r < 1, Lemma lA.i was proved in \6'Z, Appendix A . For bounded 

'Ka64 Ua6F 



convex domains ri, dom(i?(^Q) C H'^{Q)^ -w^s shown by Kadlec and Talenti l[93f and dom(if^Q) C 



i?^(0) was proved by Grisvard and loss A unified approach to Dirichlet and Neumann problems 

in bounded convex domains^^which also applies to bounded Lipschitz domains satisfying UEBC, has 
been presented by Mitrea The extension to domains Q. with a compact boundary satisfying 

II^C then follows as desCTibgjjl in the paragraph following (A.t)). 'i'his establishes (lA.XU) and hence 
(R:2 1 ) as discussed after ■ ^^03 

We note that Lemma IA.1 also foUows^j^o^ [zu. Theorem 8.2] in the case of C'^-domains SI with 
compact boundary. This is proved in [^u] by rather different methods and can be viewed as a 



generalization ot^g^classical resul1j^|gr bounded C -domains. 



As shown Jr^lf^g, Lemma A. 2], (IA72D) and methods of real interpolation spaces yield the following 
key result (lA.^i) needed in the main body of this paper: 
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1A.2 



1A.3 



rA.4 



rA.5 



h2.1 

Lemma A. 2. Assume Hypothesis U.L and let q G [0, 1]. Then for each z S C\[0, oo), one has 



NaOl . 



(A.22) 

Finally, we recall an extension of a result of Nakamura l[657 Lemma 6] fj^o^j a cube jn^^" to a 
Lipscliitz domain fl. This requires some preparation. First, we note that (K7T7) and (lA.ib) yield 
the following Green formula 

{^NU,-fD<i>) - (V^, V$)^,(^^.^^„^j„ + (Aw,$), (A.23) 

valid^for any u G H^{fl) with Am G (if ^(il))*, and any $ e H^{Q). The pairing on the left-hand side 
of .'Z'6) is between functionals in (^H^^^{diY))* and elements in H^/^{drt), whereas the last pairing 
on the right-hand side is between^^i^ctionals in and elements in H^{Q). For further use, 

we also note that the adjoint of IjZTZ) maps boundedly as follows 

7^, : (H'-^/^dn))* ^ {H'{n)y, 1/2 < s < 3/2. (A.24) 

Next, one observes that the operator {Hq^^ — zIq) ^, z e C\cr(i?^Q), originally defined as 

(#o^f^ - zin) : L'^ifl; (Px) L'^{fl; (Px), (A.25) 

can be extended to a bounded operator, mapping (il^(O))* into L"^ {Vt; (P x) . Specifically, since 
(iJp^n -zln)~ ■■ L^i^; <Px) dom(7Jo^5^) is bounded and since the inclusion dom(iJ^Q) ^ 



N 



is bounded, we can naturally view (TJq 



zIn) 

x -1 



as an operator 

mapping in a linear, bounded fashion. Consequently, for its adjoint, we have 

((i?„^^ - z/o)"T : {H\n)Y ^ L'{n;Px), (A.27) 

IfukcH 

and it is easy to sec that this latter operator extends the one in (K725). Hence, there is no ambiguity 

/ ~ M _\— 1 (■ I f ukcH~bls 

in retaining the same symbol, that is, [Hqq — zIq) , both for the operator in (lA.'Z f ) as well as for 
the operator in (Ia.25). Similar considerations and conventions apply to {H^q — zIq) 



(A.26) 



Given these preparatio 



. now state without proof (and for the convenierice of the reader) the 



following result proven in Lemma A. 3] (an extension of a result proven in 

Lemma A. 3. Let C M", n>2, he an open Lipschitz domain and let z G C\(a(HQQ) \Ja(HQQ)) . 
Then, on L'^{n;d'^x), 



(J?o^n - zla) 



zIn) 



(A.28) 



zIn) ' = {H^,a-zIn) 'lhlN{H^,n 
where is an adjoint operator to in the sense of (^4) 

Remark A. 4. While it is tempting to view 7d as an unbounded but densely defined operator on 

L^(ri;(i"x) whose domain contains the gg^^ (7^(17), one should note that in this case its adjoint 
7^, is not densely defined: Indeed (cf. \6Z, Kemark A. 4]), dom(7|)) ~ {0} and hence 7_d is not a 
closable linear operator in i^(f2; d^x). 

pi2.1 I IA.I 

Remark A. 5. In the case of domains J7 satisfying Hypothesis b.i, Lemma lA.i implies that the 
operators Hqq^ and H^q^ coincide with the operators Hqq^ and H^q, respectively, and hence one 
can use the operators H^j^ an^ q in Lernma^lAX Moreover, since dom(if^Q) C H^{Q), one can 
also replace jn by 7jv (cf. (53)) in Lemma \A.''6. In particular. 



zIn) 



zeC\{a{H^^^)Ua{H^^a)), 



(A.29) 



new6 . 45 



wGreen 



ga* 



fuicH 



f ukcH-bis 



Nal 



Nal-bis 



1A.6 



sB 



hB.l 
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a result exploited in the proof of Theorem k.'i (cf. (i.'^s)). 

1 13 4 

Finally, we prove the following result used in the proof of Lemma b.4. 

Lemma A. 6. Suppose Q. C M", n > 2, is an open Lipschitz domain with a compact, nonajj^ty 
boundary dfl. Then the Dirichlet trace operator 'Jd satisfies the following property {see also (272)), 



Proof. First, we recall one of the equivalent definitions of H^{dfl), specifically, 

H\dn) = {/ e 1.2(90; I df/dTj,k e j,k = l,...,n}, 



(A.30) 
(A.31) 



where d/drkj 
equivalently. 



Ukdj — Vjdk, j,k = l,...,n, is a tangential derivative operator (cf. (C03)), or 



/ G L\dQ.;(P-'a) 



JdCl 



there exists a constant c > such that for every v G C^(R"), 



d"-^afdv/dTj,k 



<C V 



L2(aa;dn-lCT) 



(A.32) 



Next, let u G H^^/'^^+^n), v G Co°°(R"), and m G C°°{fl) o->^^^(3/2)+e ^o^^ g ^e a sequence 
of functions approximating ii in H'-'^^^^^- (Q). It follows from (JZ72) and (lA.4) that ■fou^jDi'^u) G 
L^{d^; d"^^a). Introducing the tangential derivative operator d/drkj = Vkdj — Vjdk, j, k = 1, . . . ,n, 
one has 



dhi 



h2 



on 



^ drj^k Jon clTj^k 

Utilizing (1x733), one computes for all j,k = 1, . . . , n 



= -/ rf"-V/7..i^, hxM&H^'^{dn). (A.33) 

Jon OTj.fe 



d" ^a'jnu 



dv 



dTj,k 



lim 

i—t-oo 



< C 



,„_i dv 
a crui- 

lim / d""Vw7u(V 

J an 



lim 



a ff-^ 

9n o'rj,k 



< c||7r,(Vu)||^2(an;d'> 



. IA.64 IA.65 

Thus, it follows from (b02) and (COl) that -fDU G H^{dn). 



(A.34) 

-1(7) ll^llL2(an;d''-i<7) • 
□ 



Appendix B. Abstract Perturbation Theory 

The purpose of this appendix is to summarize &ome of the al)^^rac^gperturbation results in 



A. 62 



A. 64 



A.31 



A. 65 



05 



which where motivated by Kato's pioneering work I 
paper. 

We introduce the following set of assumptions. 



" (see also I 



as they are needed in this 



Hypothesis B.l. Let Ti. and K, he separable, complex Hilbert spaces. 

(i) Suppose that Hq : dom(ffo) — > dom(ffo) ^ Ti. is a densely defined, closed, linear operator in 
H with nonempty resolvent set, 

p{Ho) + 0, (B.l) 

A : dom(v4) K,, dom(j4) C Ti a densely defined, closed, linear operator from 7i to K,, and 

B : dom(i?) — » IC, dom(i?) C 7i a densely defined, closed, linear operator from Ti to K. such that 

dom(A) D dom(iJo), dom(B) D dom(iJ*). (B.2) 

In the following we denote 

Ro{z) = {Ho - zIh)-\ zep{Ho). (B.3) 
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(m) Assume that for some {and hence for all) z G p(Ho), the operator —ARo{z)B* , defined on 
dom{B*), has a bounded extension in K, denoted by K{z), 



K{z) = -ARo{z)B* e B{1C). (B.4) [¥74 

(iii) Suppose that 1 G p{K{zo)) for some zq G p(Hq). 

(iv) Assume that K{z) G Bqc{1C) for all z G p{Ho). 

| Ka.66 

Next, following Kato l[4y], one introduces 



R{z) = Ro{z)-Ro{z)B*[I,c-K{z)]-^ARo{z), z e {( e p{Ho) \ 1 e p{K (C))} . (B.5) [bTs" 

I 1 I GLMZOS hB 1 

tB.2 I Theorem B.2 Assun^e Hypothesis \S7r{i) -{Hi) and suppose z G {C G p{Ho) \ 1 G p{K{())}. 

Then, R{z) introduced in (Ks) defines a densely defined, closed, linear operator H inH by 

R{z) = {H - zln)-y (B.6) 

In addition, 

AR{z),BR{z)* €B{n,IC) (B.7) [bT 

and 



R{z) = Ro{z) ~ R{z)B*ARo{z) (B.8) [b^ 



^ Ro{z) - Ro{z)B*AR{z). (B.9) |b.9 

Moreover, H is an extension of {Hq + -B*A)|dom(ffo)ndom(B*A) {the latter intersection domain may 
consist of {0} only), 

H 2 {Hq + -B*^)|dom(_ffo)ndom(B'/l)- (B.IO) 

Finally, assume that Hq is self-adjoint in TL. Then H is also self-adjoint if 

{Af, Bg),c = {Bf, Ag)K for all /, g G dom{A) n dom(B). (B.U) [bU 

| tB.2 I K 3.66 

In the case where Hq is self-adjoint, Theorem iH.'Z is due to Kato |4y] in this abstract setting. 

The next result is an abstract version of the celebrated Birman-Schwinger principle relating 
eigenvalues Aq of H and the eigenvalue 1 of K{Xo): 

tB.3 Theorem B.3 (lf;32fj. Assume Hypothesis ^TTand let Aq G p{Ho). Then, 

Hf = Xof, 0^ f e dom(iJ) implies K{Xo)g = g (B.12) 
where, for fixed zq € {( £ p{Ho) \ 1 G p{K{C))}, zo ^ Aq, 

Oj^g = [Iic- K{zo)]-'ARo{zo)f = (Ao - zo)-'Af. (B.13) 

Conversely, 

K{Xo)g = g, ^ 5 G /C implies Hf = Xof, (B.14) 

where 

^ / = -Ro{Xo)B*g G dom(i?). (B.15) 

Moreover, 

dim(ker(if - Aq/w)) = dini(ker(7K; - K{Xo))) < 00. (B.16) 
In particular, let z G p{Ho), then 

z G p{H) if and only if 1 e p{K{z)). (B.17) 

|tB.3 | KK66 

In the case where Hq and H are self-adjoint, Theorem BTTis due to Konno and Kuroda IpIJ! 
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